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Abstract 

Assuming the existence of the perfect crystal bases of Kirillov-Reshetikhin mod¬ 
ules over simply-laced quantum affine algebras, we construct certain perfect crys¬ 
tals for twisted quantum affine algebras, and also provide compelling evidence that 
the constructed crystals are isomorphic to the conjectural crystal bases of Kirillov- 
Reshetikhin modules over twisted quantum affine algebras. 

0 Introduction. 

The finite-dimensional irreducible modules over quantum affine algebras U q (g) with (clas¬ 
sical) weight lattice P c \ have been extensively studied from various viewpoints, but the 
study of these modules from the viewpoint of the crystal base theory still seems to 
be insufficient. This is mainly because unlike (infinite-dimensional) integrable highest 
weight modules over quantum affine algebras U q (g) with (affine) weight lattice P, finite¬ 
dimensional irreducible t/g( 0 )-modules do not have a crystal base in general. (It is not 
even known which finite-dimensional irreducible Pg(g)-modules have a crystal base.) How¬ 
ever, it is conjectured (see Conjecture 11.5.11 below, and also I1KOTV . §2.3], iHKOTTl 
§2.3]) that a certain important class of finite-dimensional irreducible t/g(g)-modules, called 
Kirillov-Reshetikhin modules (KR modules for short), do have a crystal base. In this pa¬ 
per, assuming the existence of the perfect crystal bases B l,s of the KR modules over the 
simply-laced quantum affine algebras U q (g), we construct certain perfect crystals B l,s for 
twisted quantum affine algebras U q (g). Furthermore, we explicitly describe, in almost all 
cases, how the crystals B l ' s decompose, when regarded as a Pq(gj o )-module by restriction, 
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into a direct sum of the crystal bases of irreducible highest weight U q (Qf) -modules, where 
U q (fl/ 0 ) i s the quantized universal enveloping algebra of the (canonical) finite-dimensional, 
reductive Lie subalgebra Qj o of 0 . These results motivate a conjecture that the crystals 
B l,s are isomorphic to the crystal bases of certain KR modules with specified Drinfcld 
polynomials (see ill.51 belowi over the twisted quantum affine algebras U q (o), since they 
agree with the conjectural branching rules (with q = 1 ) in [HKOTTl Appendix A], 

We now describe our results more precisely. Let 0 be a simply-laced affine Lie algebra 
over C, i.e., let g be the Kac-Moody algebra 0 (A) over C associated to the generalized 
Cartan matrix (GCM for short) A = of type A^_ x in > 2), (n > 1), 

j (n > 3), D[ l \ or E^\ where / is an index set for the simple roots (numbered as 
in EU below). We denote by U q (g) (resp., U q (g)) the associated quantum affine algebra 
over C(q) with P (resp., P c i) as the weight lattice. For each i G I 0 I \ {0}, s G Z> 1; 
and ( G C(g) x := C (q) \{0}, let Ws ,:> (£) be the ffihte-dimensional irreducible module over 
the quantum affine algebra U q (g) whose Drinfcld polynomials Pj{u) G C(g)(u] for j G Iq 
are given by: 

[ ^(i - C q s+2 ~ 2k u) if j = i, 

Pj( u ) = ^ k=1 

^1 otherwise. 

(Here we are using the Drinfeld realization of U q (Q), and the classification of its finite¬ 
dimensional irreducible modules of “type 1” by Drinfeld polynomials; see mu for de¬ 
tails.) We call this C/'( 0 )-module MdP^C) a Kirillov-Reshetikhin module (KR module for 
short) over U' q (g). ft is conjectured (see Conjecture 11.5.II below, and also [HkHTY] §2.3]) 
that for every i G / and s G Z>i, there exists some Q* € C(g) x such that the KR module 
Ws l \Cs^) has a crystal base. 

Let u : I —> / be a nontrivial diagram automorphism such that u;(0) = 0, and 0 the 
corresponding orbit Lie algebra of 0 (see i! 2.21 below for the definition). Note that the orbit 
Lie algebra 0 is a twisted affine Lie algebra, i.e., 0 is the Kac-Moody algebra 0 (A) over C 
associated to the GCM A = ( aij) i - £ f of type { (n > 2), A® (n > 1), A^_! (n > 3), 
D\ , or Kg , where I C I is a certain complete set (containing 0 G I) of representatives 
of the cu-orbits in /, and is also an index set for the simple roots of 0 . In this paper, 
we assume that for (arbitrarily) fixed i G Iq I \ {0} and s G Z>i, there exists some 
ci l) G C(g) x such that for every 0 < k < Ni — 1, the KR module W. ( ’ >> ((s t ' > ) over U q (Q) 
has a crystal base, denoted by s , where N, t G Z>! is the number of elements of the 
o;-orbit of i G /q in /; here we note that the (Ci 1 " 1 G C(g) x is assumed to be independent 
of 0 < k < Ni — 1. We further assume that the B uk ^ ,s , 0 < k < Ni — 1, are all perfect 
f/(( 0 )-crystals of level s (in the sense of Definition II .4.T21) . Now, for the (fixed) i G Jo and 
s G Z>!, we define the tensor product £/g( 0 )-crystal B l,s equipped with the Kashiwara 
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operators e 3 and f 3 , j G /, by: 


B^ s = B hS 0 


B- 


l (i),s 


on which the diagram automorphism uj : / —> / acts in a canonical way (see El below). 
Also, we define cn-Kashiwara operators 3} and fj on B t,s for j G I by (see (Eud, and also 
Remark 12.2.ID : 


X 3 = 


nn . /y» ^ /y» , 

d, 3 "K(j) 


X 3 X w{j) X uj N i — 1 (j) 


if iVj 2 and 1 , 

if = 0 for all 1 < k < Nj — 1 , 


where x is either e or /. Then, the cn-Kashiwara operators e} and fj, j G /, stabilize the 
fixed point subset B ?s of under the action of the diagram automorphism uj, and hence 
equip the B l,s with a structure of f/g(g)-crystal, where U' q (g) denotes the quantum affine 
algebra associated to g. Furthermore, we prove that the £>* ,s is a perfect f/)(g)-crystal of 
level s (in the sense of Definition 11.4.12|) . thereby establishing Theorem 12.4.II 

Because the Ld(g)-crystal B l,s for the (fixed) i G Iq — 7\{0} and s G Z>i is perfect (and 
hence regular), it decomposes, under restriction, into a direct sum of the crystal bases of 
integrable highest weight modules over the quantized universal enveloping algebra U q (g^) 
of the finite-dimensional, reductive Lie subalgebra g^ of g corresponding to I 0 C /. In 
fact, we can give, in almost all cases, an explicit description (see £ 15.21 - H5.b|) of the 
branching rule with respect to the restriction to U q (gf ), i.e., how the B l ’ s decomposes 
into a disjoint union of connected components as a t/ g (g^ o )-crystal. This result deserves 
to be supporting evidence that the B l,s is isomorphic as a [/'(g)-crystal to the conjectural 
crystal base of a certain KR module with specified Drinfcld polynomials (see Hi .51 below), 
denoted by wi^(^), over U' q (g), since our branching rule for the B l,s indeed agrees with 
the “branching rule” (with q — 1) conjectured in iHKOTTl Appendix A] for the KR 
module wi^(Cs^) over U q (g), regarded as a [/^(g^)-module by restriction. 

Finally, we should mention the relationship between the I/)(g)-crystals B l,s , i G Iq, 
s G Z> 1; and “virtual” crystals defined in jOflfilj . |()SS2j . Since the U' q (g)-crystals B l)S , 
i G Iq, s G Z>i, are perfect (and hence simple), their crystal graphs are connected. 
Therefore, the £/))(gj-crystals B l,s coincide with virtual crystals at least in the cases where 
g is of type A^n-i an d 0 is °f type , for n > 2 , g is of type and g is of type 

1 for n > 3, g is of type D ( 4 l> and g is of type Df\ and where g is of type and g 
( 2 ) 

is of type Eq . This clarifies the representation-theoretical meaning of virtual crystals. 

The organization of this paper is as follows. In El we briefly review some basic notions 
in the theory of crystals for quantum affine algebras, and recall a conjecture about the 
existence of the crystal bases of KR modules. In £J21 we first fix the notation for diagram 
automorphisms of simply-laced affine Lie algebras g, and also for corresponding orbit Lie 
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algebras g. Then we define the £/^(g)-crystals B l,s , i G Iq, s G Z> 1; and then state our 
main result (Theorem 12.4.111 . In JIJ we show some technical propositions and lemmas 
about the fixed point subsets of regular crystals, or of tensor products of regular crystals 
under the action of the diagram automorphism u, which will be needed later. In (JU 
we prove the perfectness of the [/((g)-crystals B l,s , i E J 0 , s G Z> 1; thereby establishing 
Theorem 12.4.11 In jJSJ we give explicit descriptions of the branching rules for the P'(g)- 
crystals B l,s , i E Iq, s E Z> 1; with a few exceptions, and then propose a conjecture that 
for each i e / 0 and s E Z>i, the P M is isomorphic as a C/'(g)-crystal to the conjectural 
crystal base of a certain KR module over the twisted quantum affine algebra U' q (g). 

1 Crystals for quantum affine algebras. 

1.1 Cartan data. Let A = be a symmetrizable generalized Cartan ma¬ 

trix (GCM for short). A Cartan datum for the GCM A is, by definition, a quintuplet 
(A, P, P v , II, n v ) consisting of the GCM A, a free Z-module P v of finite rank, its dual 
P := Hom z (P v ,Z), a subset II V := {P ,} ]G j °f -P v , and a subset II := of P 

satisfying ctk(hj) = ajk for j, k E I. Further, we assume that the elements hj , j e /, 
of n v C P v are linearly independent; however, we do not assume that the elements oq, 
j G /, of II C P are linearly independent. 

1.2 Crystals. Let us briefly recall some basic notions in the theory of crystals from 
[ HK . Chap. 4, §4.5] (see also }Kas21 §7]). Let A = (ay)j je / be a symmetrizable GCM, 
and let (A, P, P v , II, II V ) be a Cartan datum for the GCM A. A crystal associated to 
the Cartan datum (A, P, P v , II, II V ) is a set £> equipped with maps wt : B —> P, 6j, fj : 
B U {P} —> P U {#}, j G /, and £j , (fij : B —> Z U {—oo}, j G /, satisfying Conditions 
(i) - (7) of {EKI Definition 4.5.1] (with e^, fj , 0 replaced by e^, /j, 6 1 , respectively). We 
call the map e 3 (resp., fj) the raising (resp., lowering) Kashiwara operator with respect 
to ctj G II, and understand that ejO = fjO = 6 for all j G /. A crystal B is said to be 
semiregular if 


£j(b) = maxjm > 0 | ejb 0}, ^-(6) = maxjm > 0 | f™b 6*j, (1.2.1) 

for all b E B and j G /; every crystal treated in this paper is semiregular. 

Let Pi, P 2 be crystals associated to the Cartan datum (A, P, P v , II, II V ) above. We 
define the tensor product crystal B\ 0P 2 of B\ and P 2 as in EH Definition 4.5.3] (see also 
|Kas21 §7.3]). Note that the definition of tensor product crystals in [ 0‘fi'filj and {0^2] 
is different from jHK'l Definition 4.5.3], and hence from ours; the roles of Cj and fj are 
interchanged for each j E I (see, for example, jOSSll (2.10) and (2.11)]). 
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1.3 Quantum affine algebras. From now throughout this paper, we assume that a 
GCM A = ( aij)ij e i is of affine type. Take a special vertex 0 G I as in [Kacl §4.8, Tables 
Aff 1 - Aff 3], and set J 0 := / \ {0}. Let g = g(A) be the affine Lie algebra over the field 
C of complex numbers associated to the GCM A of affine type. Then 


<1 = 



(1.3.1) 


is a Cartan subalgebra of g, with hj , j G /, the simple coroots, and d the scaling element. 
The simple roots aj G f)* := Homc(f),C), j G /, and fundamental weights A j G f)*, j G /, 
are defined by (see |HK1 Chap. 10, §10.1]): 


a k(hj) — cijk, Oik(d) — 5kfi, ^ _ 

A k{dj) A fc(d) 0, 

for j, k G /. Let Ej, Fj, j G I, be the Chevalley generators of g, where Ej (resp., Fj) 
corresponds to the simple root aq (resp., — aj), and let 


is/ 


CLjOij 


G [)* and c = G f) 

j ei 


(1.3.3) 


be the null root and the canonical central element of g, respectively. We take a dual 
weight lattice P v and a weight lattice P as follows: 


p v 



0ZA,j ©Z (W]) c ()'■ 


(1.3.4) 


Clearly, we have P = Horn z (P v ,Z). Here we should note that a 0 = 1 except the case 
where g is of type A^, and a 0 = 2 in the case where g is of type a!/J . It is easily seen that 
the quintuplet ( A , P, P v , n, n v ) is a Cartan datum for the affine type GCM A = (aij)ij € /. 
Let U q (g) = (Ej,Fj,q h \ j G I, h G P v ) be the quantized universal enveloping algebra 
of g over the field C(g) of rational functions in q (with complex coefficients) with weight 
lattice P, and Chevalley generators Ej , Fj, j G /. 

Now, we set 


f)d := ® Chj C f) and P% := ® Z hj C P v . (1.3.5) 

jei jel 

For each A G f)*, we define cl(A) G [)*, := (f) c i)* to be the restriction A|f, cl of A G t)* to f) c i (we 
simply write A for cl(A) if there is no fear of confusion). It follows that f)*! = cl(f)*) = f)*/C5 
as C-vector spaces, and 


«, = ©Cci(A 3 ). 


(1.3.6) 




Then we define the classical weight lattice P c \ to be cl(P) C f)*j. We have P c \ = 
Horn z (P c Y,Z) = P/(C5 fl P) as (free) Z-rriodales, and 

P cI -®ZA j5 (1.3.7) 

where cl(Aj) G f)*, is simply denoted by A 3 for j G I. Further, we set 

(Pci)o ;= {h ^ Pd I h( c ) = 0}, P,i := oAp 

(1.3.8) 

(P c {) s := {/i G P c | I //(c) = s} for each s G Z> 0 . 

It is easily seen that the quintuplet (A, P c i, P c j, IT. IT V ) is also a Cartan datum for the 
affine type GCM A = () ij _ 7 - e /. For simplicity, a crystal associated to the Cartan datum 
(A,Pd,p c Y,n,n v ) is called a L7(g)-crystal, where P'(g) denotes the C(g)-subalgebra of 
U q (g) generated by Ej, Fj, j G /, and q h , h G P C Y (which is the quantized universal 
enveloping algebra of g over C(g) with weight lattice Pd). 


1.4 Perfect crystals for quantum affine algebras. We keep the notation of Hi .31 
Let us fix a proper subset J of I. We set Aj := (aij)ij G j, IIj := {ctj}j eJ C Pd, IIj : = 
c -^d) an d denote by gj the Lie subalgebra of the affine Lie algebra g generated by 
Ej , Fj, j e J, and fid- Then the quintuplet (Aj, Pd, P^, IIj, IIj) is a Cartan datum for the 
GCM Aj. For simplicity, a crystal associated to this Cartan datum (Aj, Pd, P^, Llj, IIj) 
is called a I4(g,/)-crystal, where U q (Qj ) denotes the C(g)-subalgebra of P'(g) generated 
by Ej, Fj, j G J, and q h , h £ P^ (which is the quantized universal enveloping algebra of 
gj over C(g) with weight lattice Pd). If B is a t/'(g)-crystal and J is a (proper) subset 
of I, then the set B equipped with the Kashiwara operators ej, fj, j e J, and the maps 
wt : B —> Pd, £j, <fij : B —>■ Z U {—cxo}, j £ J, is a I/ g (gj)-crystal. 


Definition 1.4.1 (see (AKi, §1-4]). A f/'(g)-crystal B is said to be regular if for every 


proper subset J C I, the B, regarded as a t/ f/ (g./)-crystal in the way above, is isomorphic 
to the crystal base of an integrable P ? (gj)-module (for details about crystal bases, see, 
for example, HKl, Chap. 4, §4.2] and Kas2 §4]). 


Let W := (rj \ j G /) C GL(f|*) be the Weyl group of g, where r 3 G GL(f|*) is the 
simple reflection in a 3 G f|*. Note that the weight lattice P C f)* is stable under the action 
of the Weyl group W, and that there exists an action of W on P c \ induced from that on 
P, since W8 — 6. 

We can define an action of the Weyl group W on a regular [/'(g)-crystal B as follows 
(see jKasl . §7]). For each j G I, we define Sj \ B —> B by: 


Sjb 


f™b if m (wt b)(hj) > 0 
ej m b if m := (wt b)(hj) < 0 


for b G B. 


(1.4.1) 
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Proposition 1.4.2. Let B be a regular U' q (o)-crystal. Then, there exists a unique action 
S : W —> Bij(25) , w i—> S w , of the Weyl group W on the set B such that S rj = Sj for all 
j G I, where Bij(£?) is the group of all bijections from the set B to itself. In addition, 
wt (S w b) = w(wt b ) holds for w G W and b G B. 


Definition 1.4.3 (see [AK, §1.4]). Let B be a regular 77(g)-crystal. An element b G B 
is said to be extremal (or more accurately, VP-extremal) if for every w G W, either 
ejS w b = 9 or fjS w b = 9 holds for each j G I. 


Remark 1.4.4. It immediately follows from the definition above that if b G B is an extremal 
element, then S w b G B is an extremal element of weight wwtb for each w G W. 

We know the following lemma from 1AK1 Lemma 1.6 (1)] and its proof (see also 
Lemma l4.2.4l belowl . 


Lemma 1.4.5. Let B\, B 2 be regular U' q (g)-crystals of finite cardinality such that the 
weights of their elements are all contained in (P c .i)o- Let b\ G B\ and b 2 G B 2 be extremal 
elements whose weights are contained in the same Weyl chamber with respect to the simple 
coroots hj, j G 4) = / \ {0}. Then, b\ 0 b 2 G B\ 0 B 2 is an extremal element. Also, 
S w (bi (g) b 2 ) = S w b\ ® S w b 2 holds for all w G W . 


Definition 1.4.6. A regular L7(g)-crystal B is said to be simple if it satisfies the following 
conditions: 

(51) The set B is of finite cardinality, and the weights of elements of B are all contained 
in (Pci)o- 

(52) The set of all extremal elements of B coincides with a Weyl group orbit in B. 

(53) Let b G B be an extremal element, and set p := wt b G (P c i)o- Then the subset 
B^ C B of all elements of weight p consists only of the element b, i.e., Bf = {6}. 


Remark 1.4.7. Let B be a regular L7(g)-crystal satisfying condition (SI) of Definition ll.4.6l 
Then we see that there exists at least one extremal element in B (see the comment after 
the proof of IKasll Proposition 9.3.2]). 


Lemma 1.4.8. Let B be a simple U q (o)-crystal. Then there exists a unique extremal 
element u G B such that (wt u)(hj ) > 0 for all j G Iq. 


Proof. The existence of an extremal element with the desired property immediately follows 
from Rem ark 1 1 .4.41 So, it remains to show the uniqueness. Let u±, u 2 be extremal elements 
whose weights are both dominant with respect to the simple coroots hj, j G Iq, and set 
pi := wtui and p 2 := wtu 2 . By condition (S2) of Definition 11.4.61 there exists some 
w G W such that S w u 2 = u\. Then it follows that pi = wp 2 G Wp 2 . We recall from 
Kac Proposition 6.5] that the Weyl group W decomposes into the semidirect product 
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Wj 0 x T of the Weyl group Wj 0 := (rj \ j G Jo) (of finite type) and the abelian group T of 
translations. Since /i 2 G P c i is of level zero by condition (SI) of Definition II. 4. 61 it follows 
from Kac Chap. 6, formula (6.5.5)] that W p 2 = Wj 0 /i 2 , and hence pi G Wj 0 pL 2 . Since 
both of /ii and fi 2 are dominant with respect to the simple coroots hj , j G Jo, we deduce 
that iii = /i 2 . Therefore, by condition (S3) of Definition 11.4.61 we obtain that Ui = u 2 , 
which shows the uniqueness. □ 


Remark 1.4.9. Let B be a simple 77(g)-crystal, and let w G 6 be the unique extremal 
element such that (wt u){hf) > 0 for all j G Jo- We can show by the same argument as in 
the proof of lKas.31 Corollary 5.2], using [AK1 Lemma 1.5], that the weights of elements of 
B are all contained in the convex hull of the W-orbit of wt u. Hence, by Lemma fl .4.81 it 
follows that the weights of elements of B are all contained in the set wt u — Yljeio ^>o a r 

We know from [NS3l Remark 2.5.7] that the definition of simple 77(g)-crystals above is 
equivalent to jAKI . Definition 1.7] and |Kas31 Definition 4.9]. Thus we know the following 
from EH Lemmas 1.9 and 1.10]. 


Proposition 1.4.10. (1) The crystal graph of a simple 77(g )-crystal is connected. 

(2) Let Bi, B 2 be simple 77(g)- crystals. Then, the tensor product B\ ®B 2 is also a simple 
77(g) -crystal. In particular, the crystal graph of B\ ® B 2 is connected. 

Let B be a simple 77(g)-crystal. We define maps e, : B — > Pff by: 

j(b)Aj and ip(b) =^^(pj(b)Aj for b G B. (1.4.2) 

j&i jei 

Further, we define a positive integer lev B (called the level of B) and a subset £> min of B 
by: 


lev B = min{ (e(7))(c) | b G £>} G Z >0 , (1.4.3) 

B rnm = {beB | (e(6))(c) = lev H} c B. (1.4.4) 


Remark 1.4.11. It can easily be seen from the dehnition of crystals that ip(b) —s{b) = wt b 
for every b G B. Since wt b G (P c i)o by condition (SI) of Definition 11 . 4.61 we have 
(e(6))(c) = (<£>(&)) (c) for all b G B, and hence lev B = min{ (</?(&)) (c) | b G B}. 

Definition 1.4.12. A simple 77(g)-crystal B is said to be perfect if the restrictions of 
the maps e, : B —> Pff to B min induce bijections B min —> (P c |) s , where s := lev B. 


Remark 1.4.13. (1) In the definition of perfect T7(g)-crystals B, it is often required that 
B is isomorphic to the crystal base of a finite-dimensional 77(g)-module as a 77(g)-crystal 
(see, for example, Condition (1) of )HK1 Definition 10.5.1]); but we do not require it in 
this paper. 





















(2) Our definition of perfect Ld(g)-crystals seems to be slightly different from the ones in 
HK Definition 10.5.1] and [HKOTTI §2.2]: We can deduce from Remark fl .4.01 condition 
(S3) of Definition 11.4.01 and Proposition II. 4. l7H that if 0 is a perfect f/)(g)-crystal in the 
sense of Definition II .4.T71 then 0 satisfies Conditions (2) - (5) of |HK, Definition 10.5.1]. 
But, in jHKOTTl §2.2], it is required that the perfect f/)(g)-crystal B is “finite” (in the 
sense of [HKKOT1 Definition 2.5]); we do not require this “finiteness” condition in our 
definition of perfect Ld(g)-crystals, since it does not seem to be essential for our purposes. 

(3) If B is a perfect Ld(g)-crystal in the sense of Definition 11.4.121 and is isomorphic to 
the crystal base of a finite-dimensional Ld(g)-module as a f/g(g)-crystal, then B is perfect 
in the sense of jOSSll §2.10]. 

Lemma 1.4.14. Let Bi, Bo be perfect U q (g)-crystals of the same level s. Then, the tensor 
product £>i 0 B -2 is also a perfect U q (g)-crystal of level s. 

Proof. We know from Proposition II ,4.lT)l f2l that the tensor product B\ 0 02 is a simple 
f/(( 0 )-crystal. In addition, by elementary arguments using the tensor product rule for 
crystals, we can easily show that the 01002 is of level s, and the maps e, <p : ( 0 i 002 ) m in —► 
(P c |) s are bijective. □ 

We know the following proposition from Theorem 2.4], 

Proposition 1.4.15. (1) Let B\, 0 2 be perfect U q (g)-crystals isomorphic to the crystal 
bases of finite-dimensional U q (g)-modules as a U' q (g)-crystal. Then, there exists a unique 
isomorphism (called a combinatorial R-matrix ) R : B\ 0 £>2 —> 02 0 B\ of U' q (g)-crystals. 

(2) Let B be a perfect U q (g)-crystal isomorphic to the crystal base of a finite-dimensional 
U q (g)-module as a U q (g)-crystal. Then, there exists a Z-valued function H : B 0 B —> Z 
(called an energy function) satisfying 

( H(b 1 0 b 2 ) + 1 if.) = 0 and </> 0 ( 6 i) > £ 0 ( 62 ), 

H(ej(bi 0 b 2 )) = < H(b 1 0 b 2 ) - 1 if j — 0 and </> 0 (&i) < £ 0 (^ 2 ), (1.4.5) 

[//■(&! 062 ) if j 7^ 0, 

for all j G / and b\®b 2 G B 0 0 such that ej(b\ 0 b 2 ) 7 ^ 9. 

Remark 1.4.16. With the notation and assumption of Proposition 11.4.17)1 (2). we have 

{ H(b 1 0 62 ) - 1 if j = 0 and <p 0 (&i) > £ 0 (^ 2 ), 

H(b 1 ®b 2 ) + 1 if j = 0 and <^ 0 ( 61 ) < £ 0 (^ 2 ), (1.4.6) 

H(b 1 0 b 2 ) if j f L - 0 , 

for all j & I and 61 0 62 £ B 0 0 such that fj(bi 0 b 2 ) 7 ^ 9. 
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1.5 A conjectural family of perfect crystals. In this subsection, let g be either 
a simply-laced affine Lie algebra, or a twisted affine Lie algebra. More specifically, let g 
be the affine Lie algebra of type An ] (n > 2), D ( r ! } (n > 4), E ( ( '\ or of type (n > 2), 
A 2r j (n > 1), A 2r l_i (n >3),D\\ E 6 , with the index set I for the simple roots numbered 
as in |Kacl §4.8, Tables Aff 1 - Aff 3]. For each i G I 0 — I \ {0} = {1, 2, ..., n}, 
s G Z>!, and ( G C(g) x := C (q) \ {0}, we denote by VFj^(£) the finite-dimensional 
irreducible module over the quantum affine algebra U' q (Q ) whose Drinfeld polynomials 
Pj[u) G C(g)[w] are specified as follows (see lK\T Definition 5.3]): 

Case 1: the case of type An J (n > 2), (n > 4), E^\ In this case, the Drinfeld 

polynomials Pj(u), j E Iq — {1, 2, ..., n}, are given by: 

[ Hi 1 - C q s+2 ~ 2k u ) if j = i, 

Pj{u) = l k =1 

^1 otherwise. 

Case 2: the case of type D ^ (n > 2) (resp., (n > 3)). In this case, the Drinfeld 

polynomials Pj(u), j G Io — {1, 2, ..., n — 1, n}, are given by: 

f J^J(1 — C t q d ^ s + 2 ~ 2k ) u ) if j — ^ 

Pj{u) = < k= 1 

[ 1 otherwise, 

where d* = 1 if i = n (resp., i ^ n), and d* = 2 otherwise. 

Case 3: the case of type D^ } (resp., E^). In this case, the Drinfeld polynomials Pj(u), 
j G / 0 = {1, 2} (resp., j G J 0 = {1, 2, 3, 4}), are given by: 

f J^J(1 — (q d i(s+ 2 ~2k ) u ^ jf j _ ^ 

= < fc=i 

^ 1 otherwise, 

where d* = 1 if i = 1 (resp., i — 1, 2), and d* = 3 (resp., d* = 2) otherwise. 

/ Q\ 

Case 4: the case of type A)n (n > 1). In this case, we should remark that the index set 
for the Drinfeld polynomials Pj{u ) is not Jo = {1, 2, ..., n}, but {0, 1, . .., n — 1}, and 
that the Drinfeld polynomials Pj(u), j G do = {0, 1, ..., n — 1}, are given by: 

{ J^J(1 — (q 2 ^ s+2 ~ 2k ^u) if j — n — i, 
k= i 

1 otherwise. 
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(In all cases above, we used the Drinfeld realization of £/'(g), and the classification of 
its finite-dimensional irreducible modules of type 1 by Drinfeld polynomials; see EEB, 
[ CP2] for details.) We call this [/'(g)-module wj^(C) a Kirillov-Reshetikhin module (KR 
module for short) over U' q (g). 

Now, let us £x (arbitrarily) RI 0 and s G Z>i. 


Conjecture 1.5.1 (cf. 1 1KOT T. Conjecture 2.1 (1)]). For some d^ G C(g) x = 


C (q) \ {0}, the KR module wi^(d^) over U' q (g) has a crystal base B hS that is a perfect 
U'Jq)- crystal of level s. 


Remark 1.5.2. Conjecture 11.5.11 has already been proved in some cases 
Remark 2.3] and II1 KOTT Remark 2.6]; see also Remark 12.3.31 below). 


see 


HKOTYI 


Lemma 1.5.3. Assume that Conjecture 11.5.11 holds for the fixed i £ I 0 and s G Z>!. 
Let C l,s C ITi^d 0 ) be the crystal lattice corresponding to the crystal base B l,s . Suppose 
that (£,£>) is another crystal lattice and crystal base o/wi^(d^) such that the crystal 
graph of B is connected. Then, C = f(q)C l,s holds for some f(q) G C (q) \ {0} ; and B is 
isomorphic to B l,s as a t/'(g)- crystal. Namely, the crystal base of Ilddd*' 1 ) unique, up 
to a nonzero constant multiple. 


Proof. Let b G B l,s be an extremal element, and set fi := wtb G (P c i)o- Note that the 
set ( B hS )n consists only of the element b by condition (S3) of Definition II .4.61 and hence 
that the pi- weight space of (d ? d is one-dimensional. Let v G £*’ s be an element of 
weight n corresponding to the b under the canonical projection C l,s -» C l,s /qC l,s . Here 
we remark that the crystal graph of B l,s is connected by Proposition 11.4.1771 (1). By using 
Nakayama’s lemma, we can show that C l,s is equal to the H-module generated by all 
elements of the form x n x J2 ■ ■ ■ x. Jk v, R, j 2 , ■ • •, jk £ I, k > 0, where A := {f(q) G 
C(q) | f(q) is regular at q = 0}, and Xj is either the raising Kashiwara operator ej or the 
lowering Kashiwara operator fj on wi^(d^) f° r each j G I: 

C’ s = Jd Ax h x F--- x 3k v - (i-S- 1 ) 

31,h, — 

Similarly, take an element v’ G C of weight /i corresponding to a unique element b' G B 
of weight p. Because the crystal graph of B is connected by the assumption, we obtain 
that 

£= Ax ji x j2 ‘ ‘ ' x j k v> (i- 5 - 2 ) 

31,32, k>0 

in the same way as above. 

Since the fi -weight space of Wj^(d^) is one-dimensional as mentioned above, it follows 
that v' = f(q)v for some f(q) G C (q) \ {0}. Combining this fact with (11.5.11) and (11.5.21) . 
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we have C = f(q)C l,s . Hence, we have a C-linear isomorphism T : £ l,s /qC ,s —> C/qC 
induced from the transformation v t—> f(q)v on Furthermore, we can deduce 

from the connectedness of the crystal bases B l,s and B that the restriction of T to B l,s 
gives an isomorphism of C((g)-crystals between B l,s and B. This proves the lemma. □ 


2 Construction of perfect crystals for twisted quantum affine 
algebras. 

From now on throughout this paper, let g = g(H) be the affine Lie algebra of type (n > 

2), Dn (n > 4), or E^\ and let u : I —> / be a nontrivial diagram automorphism 
satisfying the (additional) condition that u;(0) = 0. 


2.1 Diagram automorphisms of simply-laced affine Lie algebras. Here we give 
all pairs (g, u) of an affine Lie algebra g and a nontrivial diagram automorphism uj : / —> / 
satisfying the condition that u;(0) = 0, after introducing our numbering of the index set 
/. (For the definition of the matrix A = see H2.2l belowb 


Case (a). The affine Cartan matrix A = is of type A^-i (n > 2), and the 

diagram automorphism u : I —> / is given by: u;(0) = 0 and a;(j) = 2 n — j for j 6 f 0 = 

/ \ {0} (note that the order of uj is 2). Then the matrix A = (ciij)j is the affine Cartan 
( 2 ) 5 

matrix of type D 



Case (b). The affine Cartan matrix A = (oij)ije/ is of type A^j ( n > 1), and the 

diagram automorphism uj : / —> / is given by: u;(0) = 0 and oj(j) = 2n + 1 — j for 

j £ Iq — I \ {0} (note that the order of u is 2). Then the matrix A = (a lJ ) i is the 

( 2 ) 

affine Cartan matrix of type A 2 J : 
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If n > 2, then 


If n — 1, then 




Case (c). The affine Cartan matrix A = is of type (n > 3), and the 

diagram automorphism u> : I —> / is given by: uj(j) = j for j e / \ [n, n + 1}, and 

uj(n) = n+l, c u(n + 1) = n (note that the order of cu is 2). Then the matrix A = (+?),; 

( 2 ) 

is the affine Cartan matrix of type A ) 2 ^_ x : 



Case (d). The affine Cartan matrix A = (a l j) l ^ e j is of type D^\ and the diagram 

automorphism u> : / —> / is given by: u;(0) = 0, Cc;(l) = 1, cn(2) = 3, cn(3) = 4, and 

u;(4) = 2 (note that the order of u is 3). Then the matrix A = is the affine 

(3) 

Cartan matrix of type D 4 : 


2 



0 1 2 


Case (e). The affine Cartan matrix A = is of type E^\ and the diagram 

automorphism u : / —» / is given by: u;(0) = 0, cn(l) = 1, o;(2) = 2, a;(3) = 5, u>( 4) = 6, 
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u;(5) = 3, and cn(6) = 4 (note that the order of to is 2). Then the matrix A = (a^) i j e f is 

( 2 ) 

the affine Cartan matrix of type E$ \ 


3 4 



( 2 . 1 . 1 ) 


We define C-linear isomorphisms to : f) —> f) and to* : f)* —> f)* by: 

to(hj) = hu,(j) for j G I, to(d) = d, 

(to*(X))(h) = X(to~ 1 (h )) for A G f|* and h G t). 

It follows that the subsets P v , f) c i, and Pj of f) are all stable under to G GL(f)), and that 
P C f|* is stable under to* G GL(f)*). In addition, 


to(c) = c, cn*(h) = 5, 

tJ*(aj) = a u (j), to*(Aj) = A w (j) for j G I. 


( 2 . 1 . 2 ) 


Also, we have a C(g)-algebra automorphism to G Aut (U q (g)) such that to(Ej) = E u ^, 
to(Fj') = Fu(j) for j G /, and to(q h ) = q for h G P v . Since is stable under a; G GL(fj), 
we see that the C(g)-subalgebra U q (g) is stable under to G Aut (U q (g)), thus obtaining a 
C(g)-algebra automorphism to of U' q (g). Further, we define a C-linear automorphism 
to* : f)*, — > f)*[ by: to*(Aj) = A Note that this C-linear automorphism of f)*j = (f) c i ) * 
can be thought of as the one induced from to* G GL(f)*) since = fj*/C<5, as well as the 
contragredient map of the restriction of a; G GL([)) to f) c i. Then we set 


(f}ci)° := {h G f) cl I u(h) = h}, (Ki)° ■= {A G t)* cl I o’* (A) = A}. (2.1.3) 


2.2 Orbit Lie algebras. We choose (and fix) a complete set / (containing 0 G /) of 
representatives of the cn-orbits in / in such a way that if j G I, then j < to k (j ) for all 
k G Z> 0 (see the figures in m ■ Now we set 
N-i 

Ci i := 5Z a *> «*(?') for h J e /, and Cj := c# for j G /, (2.2.1) 

fc =0 

where Nj is the number of elements of the cn-orbit of j G / in /. (In fact, Nj is equal to 
1, 2, or 3.) 
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Remark 2.2.1 (cf. JF551 §%■%])■ We see that Cj = 2 except the case where the pair ( 0 , 0 ;) 
is in Case (b) and j = n; if Cj = 2, then the subdiagram of the Dynkin diagram of A 
corresponding to the cu-orbit of the j is of type Ai x • • • x Ai ( Nj times). On the other 
hand, if the pair (g,u;) is in Case (b) and j = n, then c 3 — 1; in this case, the subdiagram 
of the Dynkin diagram of A corresponding to the o;-orbit of the j is of type A 2 . 

Further, we set a tJ := 2c^/cj for i, j E I. 

Lemma 2.2.2 (see jFSS( §2.2]). The matrix A := is a generalized Cartan 

matrix of (twisted ) affine type. Moreover, the explicit type of the GCM A is as in Ud. 11 

Let g := g(A) be the (affine) Kac-Moody algebra over C associated to the GCM A 
above, which is called the orbit Lie algebra (corresponding to the diagram automorphism 
to). Then, f) = ©Cd is a Cartan subalgebra of g, with II V := the set 

of simple coroots, and d the scaling element. Denote by II := {A} ie ? C t)* := (f))* the 
set of simple roots, and A j E f)*, j E /, the fundamental weights for the orbit Lie algebra 
g (of affine type); note that ay(d) = <5yo and A j{d) = 0 for j E I. Let 

5 : = cij a.j E f)* and c := hj E f) (2.2.2) 

jeT jeT 

be the null root and the canonical central element of g, respectively. We take a dual 
weight lattice P v C f) and a weight lattice P C f}* as follows: 


P v 



©Zd Cf), 


P = 




C fj*. 


(2.2.3) 


Define f) c i, Pf x C f), and P c \ C f)*, := (f) c i)* for the orbit Lie algebra g, and also define 
subsets (P c 1 ) 0 , P c |, and (P c |) s , 8 G Z> 0 , °f P c 1 as in <11.31 Note that (A, P d , P^, IT, IT V ) is 
a Cartan datum for the GCM A. Let U q (o) be the quantized universal enveloping algebra 
of the orbit Lie algebra g over C(q) with weight lattice P, and define its C(q)-subalgebra 
U'(g) as in 41.31 (which is the quantized universal enveloping algebra of g over C(q) with 
weight lattice P c 1 ). We call a crystal associated to the Cartan datum (A, P cl , P cA , IT. 1I V ) 
a [/'(g)-crystal. Further, for a proper subset J of I, let us define the Lie subalgebra 
gy of g, and the C(g) -subalgebra U q (gj) of U' q (g) corresponding to the subset J as in 
90 We call a crystal associated to the Cartan datum (Ay, P cl , Pj, II y, ID) for the GCM 
A/ : = (©jAjeJ a ^(?j)-crystal, where fiy := { Qj} je j C P c i and fij := c Aj- 

Now, let us define C-linear isomorphisms P^ : (f) c i)° — ► f) c i from the fixed point sub¬ 
space (f) c i)° onto ^ = @ je iChj, and Pf : ^ —>■ (f^) 0 from t)* A = ® Jg yCA j onto the 
fixed point subspace (f)^) 0 by: 


/ 1 N-i \ _ N-i 

= hj and A)(A) = for j e 7 

l 1 fc=0 J k =0 


(2.2.4) 
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(here note that (f)cl)* can identified with (f)^) 0 in natural way). Then it is easily seen 
that (P*(X))(h) = X(P u (h)) for A G f)* L and h G (fj c i)°, and that 

Nj—l 

P*jj (c) = c, P*(Sj) = — ^ a “ k U) for ■! G ^ (2.2.5) 

c i k =o 

Furthermore, we can identify the Weyl group W := (f) j G I) of the orbit Lie algebra g 
with the subgroup W := [w G W \ u*w = wu>*} of the Weyl group W = (rj | j G I) of g 
as follows. Define Wj G W by: 

f r j Ml) r 3 if c o = !, 

Wj = l ( 2 . 2 . 6 ) 

1 b^r-Vi-'oi if c t = 2, 

for each j G / (see Remark imj. Then it follows that Wj G IT for all j G /. Also, 
we see from fFR&l §3] that there exists a group isomorphism 0 : W —> IT such that 
©(zu) |(tj* )o = P* o w o (P ^) -1 for each w G IT, and 0(f)) = Wj for all j G /. 

2.3 Fixed point subsets. Let / C / be the index set (chosen as in £12.2|) for the orbit 
Lie algebra g corresponding to the u. Let us fix (arbitrarily) i E I 0 := 7\{0} and s G 7L>\. 
For the rest of this section, we make the following assumption (cf. Conjecture 11 .5.1(1 : 

Assumption 2.3.1. There exists some G C(g) x (independent of 0 < k < iVj —1) such 
that for every 0 < k < iVj — 1, the KR module Ws“ ^(Cs^) over U' q ( g) has a crystal base, 
denoted by B uk ^ ,s . Further, the B^^’ 3 , 0 < k < Ni — 1, are all perfect P)(g)-crystals of 
level s. 

Remark 2.3.2. Let 0 < k < N t — 1. Then, since the P)(g)-crystal B^ k ^ ,s j s perfect 
(and hence simple) by Assumption 12.3.11 it follows from Lemma II .4.81 that there exists 
a unique extremal element of B^®’ 3 , denoted by u w n(i),s, such that (wt u u k^ s ){hj) > 0 
for all j G Iq. In addition, we can show that wt V(i), s = where : = 

~ a ^(j)Ao ^ Pci- 

Remark 2.3.3 (see IIKOI') '. Remark 2.3]). For Cases (a) and (b), we know from [KMN] 
that Assumption 12. 3. ll is satished for all i G R and s G Z>i. For Case (c) (resp., Case (d)), 
we know from jKMNj that Assumption 12. 3. H is satisfied if % — 1, n (resp., i = 2), and 
from Eoj that Assumption 12.3. ll is satisfied if i ^ n and s = 1 (resp., if s = 1). 

First, we define a bijection t u : B l ' s —> suc i 1 that o e 3 = e u (j) o t u and t w o /)■ = 

° A f° r all j G / (r w (0) is understood to be 0), and such that wt(r Ii ,(fe)) = u;*(wt&) 
for each b G £> l,s as follows. Let p : £/'(g) —> Endc( 9 )(wi*' ) (Cs*' ) )) be the representation 
map affording the KR module wj^(Ci^) over U' q (g). It immediately follows that the the 
representation of U'(q) on the (same) C(g)-vector space wi^(Cs^) given by pouM, denoted 
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by (p o a; -1 , W'i^(Ci*' 1 ))) is finite-dimensional and irreducible. In addition, we can easily 
check that if Pj(u) G C(g)[n], j G Jo, are the Drinfeld polynomials of the KR module 
wi 0 (Ci 0 ) over U q (g) (see HTT51) . then the Drinfeld polynomials Pj{u) G C(g)[u], j G Jo, 
of the representation (p o a; -1 , wi^(Cs^)) °f U q (g) are given by: Pf{v) = P u -i^(u) for 
each j G /(> (Here we have used Assumption 12.3.11 that the Q* G C(g) x is independent 
of 0 < k < Ni — 1.) Because the finite-dimensional irreducible t/'(g)-modules (of type 
1) are parametrized by their Drinfeld polynomials up to [/((g)-niodule isomorphism, it 
follows that the representation (poo; -1 , Wj^(Ci^)) of U q (g) is equivalent to the KR module 
wi w(,)) (Ci°) over U q (g). We denote by t u : wi^(Ci^) —>- wi w ^^(Cs^) an intertwining map 
between these two representations of U q (g). Namely, : wi^(Cs^) —>- {Qs ' 1 ) denotes 

a C(g)-linear isomorphism such that 

t w (xv) = u}(x)t w (v) for x G U q (g) and v G Wj^(Ci^)- (2.3.1) 

It immediately follows from (12.3.111 that for each p G P c i, the p-weight space of wi^(Cs^) 
is sent to the cn*(p)-weight space of {q/WO) unc [ er Also, we can easily deduce that 


Tu, o ej = e u (j) o To,, and t u o j) = o r u for all j G I, (2.3.2) 

where ej (resp., fj), j G /, denote the raising (resp., lowering) Kashiwara operators 
on W S W (C S W ), and also those on W^^' 1 (Cs^)- Let us denote by C l,s the crystal lat¬ 
tice of wi^Ci 0 ). By (12.3.211 . we see that the image r u (C l ' s ) of the C i,s is stable un¬ 
der the action of the Kashiwara operators ej and fj, j G I, on ppWA ((W). Hence 
these Kashiwara operators on Wj w ^(£s^) induces operators, denoted also by e 3 and fj, 
j G /, on the C-vector space r ti ,(£*’ s )/gr aJ (£ i ’ s ). If t w : £ l,s /q£ l,s —> t u {£ 1,s ) / qr u {£ hS ) 
denotes the induced C-linear map, then it follows from (12.3.211 that the set T u ,(B hS ) U {0} 
is stable under the Kashiwara operators ej and fj, j G I, on A.(£* ,s )/gr aJ (£ l ’ s ), which 
means that is a crystal base of (Cs*' 1 )- Therefore, it follows from 

Lemma 11.5.31 that T^fB 1 ' 8 ) = as f/)(g)-crystals. Thus we have obtained a bijection 

r u : B l,s —> B^ ,s such that 


t u oej = e u(j) o Tu , and t u o fj = f uU) o r u for all j G I, 
wt(r u ,(6)) = u;*(wt b ) for each b G B l ’ s . 


(2.3.3) 


Here (and below) we understand that t u (0) = 6. Similarly, for each 1 < k < N — 1, we 
obtain a bijection t u : B U}k ^ >,s —> J3 wk+1 ( l )> s such that r u oej = e^poand t w o f 3 = f^mor^ 
for all j G I, and such that wt(r 1J (6)) = cn*(wt b) for each b G B “AdA 
Next, we set 


{ B l ’ s if Ni — 1, 

B i,s 0 B^’ s if Ni = 2, (2.3.4) 

B i,s 0 BP®,» 0 if Ni = 3. 
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Since the B uk< ^’ s , g < k < Ni — 1, are perfect f/'(g)-crystals of (the same) level s by 
Assumption 12.3.11 it follows from Lemma 11.4.141 that B l,s is a perfect f/)(g)-crystal of 
level s. We define an action of the diagram automorphism to on B l,s as follows. If N t = 1, 
then to : B l,s —*■ B l,s is defined to be r u . If W = 2, then we first define a bijection from 
B l,s 0 B^ ,s onto B w ^> ,s 0 B' l,s by: &i 0 fe 2 t—> T w (bi) 0 T u (b 2 ) for bi 0 b 2 G B l,s 0 By 

Proposit.ion ll.4.T51 (T). we have an isomorphism (a combinatorial P-matrix) B^^^ ®B l,s 
B t s 0 B u ^ ,s of [/'(g)-crystals. We now define to : B l,s —■> B' l,s to be the composition of 
these maps: 


to 


_ fii,s (g, guj(i),s jgw{i),s gj 






(2.3.5) 


Similarly, if W = 3, then we define an action of u; on P*’ 5 to be the composition of the 
map r u 0T u ® with combinatorial P-matrices: 


u; : 0 P w(i) ’ s 0 B“ 2(i) ’ s g) ^(0.* 0 

^ 0 P w(i) ’ s 0 Z5 ^ 2(0 ’ s = B i,s . 


(2.3.6) 


In all cases above, we can deduce from the tensor product rule for crystals, <ra, and 
the comment after (J2.3.3II that 

to o ej = e u (j) o to and to o fj = o a; on £> l,s for all j G /, 
wt(u;(&)) = cn*(wt5) for each 5 G £> ,,s , 
where u;($) is understood to be 0. Finally, we set 


(2.3.7) 


& s := jf>GP M |w(6) =6}. (2.3.8) 

Note that the weights of elements of B l ' s are all contained in (P cl ) 0 D (f)ci)° by condition 
(SI) of Definition 11.4.61 and the second equality of (12.3.71) . 


2.4 Main result. For each j G /, we define cn-Kashiwara operators e 3 and fj on 
&' s U {0} by: 


rp . rp^ rp . 


if Cj = 1, 


Xj = 


(2.4.1) 


Xj Xu(j) ■ ■ -x u N j-t^ if Cj — 2, 

where x is either e or /. The main result of this paper is the following theorem. 


Theorem 2.4.1. Let i G I 0 — I \ {0} and s G Z> x ( fixed as in 4d.,Vl h We keep As- 
surnptum \2.d.A Then, the subset B l,s U {9} of B l,s U {9} is stable under the to-Kashiwara 
operators e 3 and fj on B 1,s U {9} for all j G /. Moreover, if we set 

wt b := (Pj)) _1 ( wt b) e -Pci for b G B^ s , 

< £j[b ) := maxjm > 0 | ( ej) m b for b G B l,s and j G /, (2.4.2) 

(pj{b) := maxjm > 0 | ( fj) m b 9 } for b G £> l,s and j G /, 
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then the set B l,s equipped with the u-Kashiwara operators e,j and fj, j G I, the maps 
wt : B l ’ s —> P c \, and £j, (fj : B l,s —* Z> 0 , j G I, becomes a perfect [/'(g )-crystal of level s. 

We will establish Theorem 12.4.1 1 under the following plan. First, in 44.21 we show 
that B l,s is a regular Ld(g)-crystal. Next, in 44.21 we prove that the [/'(fl)-crystal B l,s 
is simple. Finally, in 44.41 we show that the level of B' l,s is equal to s, and that the 
restrictions of the maps e, <p to (£>*’ s ) m in induce bijections (£> ?,s ) m in —> (-P c |)<j, where the 
maps e,(p : B l,s —> P c j“ are defined as in (II. 4.21b and the set (Z5 ?,s ) min is defined as in 

ra. 


3 Fixed point subsets of crystals under the action of uj . 

Let g = g(A) be the affine Lie algebra of type An' 1 (n > 2), Dn ^ (n > 4), or E^\ and let 
uj : / — > / be a nontrivial diagram automorphism satisfying the condition that cu(0) = 0. 


3.1 Fixed point subsets of crystal bases. Let us fix a proper subset J of / such 
that l u(J) = J. For an integral weight A € P c \ that is dominant with respect to the simple 
coroots hj , j G J, which we call a J-dominant integral weight, we denote by Vj(A) the 
integrable highest weight t/ 9 (g./)-module of highest weight A. Further, let us denote by 
Bj( A) the crystal base of Vj(A) with raising Kashiwara operators e v j G J, and lowering 
Kashiwara operators fj, j G J. 

Let us take (and fix) a J-dominant integral weight A G P c \ such that a;*(A) = A. Then, 
as in [NS1 . §3.2], we obtain an action u : Bj( A) — > Bj( A) of the diagram automorphism 
u on the crystal base Bj( A) satisfying the condition: 

uj o e 7 - = e u (j) o uj and uj o o uj for all j G I, 

(3.1.1) 

wt(u;(6)) = a;*(wt b) for each b G Bj( A), 
where uj{9) is understood to be 9. We set 


B“j{ A) := {b G Bj{ A) | w(6) = b}. (3.1.2) 

It immediately follows from (13.1.11) that wt 6 G P c i D (b*i)° f° r b G Bj( A). Set J : = 
J fl / C /. For an integral weight A G Pci that is dominant with respect to the simple 
coroots hj, j G J, which we call a J-dominant integral weight, we denote by Vj{ A) the 
integrable highest weight U q (gj)-module of highest weight A. Also, Bj{ A) denotes the 
crystal base of Vj{ A). Further, for each j G J, we define the tu-Kashiwara operators e 3 
and fj on Bj( A) U {9} by: 




Xj = 


Xj Xufj) ■ ■ ■ X u Nj-l^ 
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if Cj = 1, 
if Cj = 2, 


(3.1.3) 











where x is either e or /. 

We know the following theorem from jNS21 Theorem 2.2.1 (1) - (3)]; note that the re¬ 
striction oj\j of a; to the subset J of / is a diagram automorphism for the finite-dimensional, 
reductive Lie subalgebra g j of g, and the Lie subalgebra gy of g can be thought of as the 
orbit Lie algebra of Qj corresponding to the uj\j. 


Theorem 3.1.1. Let A G P c \ be a J-dominant integral weight such that u;*(A) = A, and 

set A := (P^) _1 (A). Then, the subset Bj(X) U {0} of Bj(X) U {6} is stable under the 

u>-Kashiwara operators e 3 and fj on Bj( A) U {9} for all j G J. Moreover, the set Bj(X) 
equipped with the oj-Kashiwara operators e 3 , fj, j G J, and the maps 

'wt b:= (P^-^wtb) G P d for b G Bf( A), 

< £j{b) := maxjm > 0 | ( ej) m b j ^ 0} G Z> 0 for b G Bj( A) and j G J, (3.1.4) 

{Pj(b ) := maxjm > 0 | ( fj) m b j - Pj- G Z> 0 for b G Bj( A) and j G J, 

becomes a U q (Qj)-crystal isomorphic to the crystal base Bj{X) of the integrable highest 
weight U q (Qj)-module Vy(A) of highest weight X. 

For each m G 7L>\ and j G I, we define operators e(m)j and f(m)j on £>(A) U {6} by: 


~,m ™2m 
x j x u(j) x j 


x{m)j = 


iy ,m „m 

x j x Mi) 


rpTU 

' ' L Na-\ / .X 

W 3 u) 


if Cj = 1, 
if Cj = 2, 


(3.1.5) 


where x is either e or /. We know the following from jNS21 Theorem 2.2.1 (4)]. 


Proposition 3.1.2. Let X G P c i be a J-dominant integral weight such that u;*(A) = A. 
Then, for every m G Z>i and j G J , we have e{m)j = (e 7 ) m and f(m)j = ( fj) m on 
Bj(X) U {6}. 

Proposition 3.1.3. Let X G P c i be a J-dominant integral weight such that a;*(A) = A. 
Then, for each b G Bj( A), we have £j{b) = £ u k^)(b) and (pj{b ) = for all j & J 

and 0 < k < Nj — 1. 

Proof. Let b G Bf( A). Then we see from (13.1.11) that £ u k^)(b) = £j{b) and ip^k^ib) = tpj{b) 
for all j G J and 0 < k < Nj — 1. So, we need only show that 'Tjib) = £j{b) and (fj(b) = 
( pj{b ). But, these equalities follow from 1NS2L Lemma 2.1.3 and Theorem 2.2.1 (2)]. □ 


3.2 Fixed point subsets of regular crystals. Let B be a regular [/((g)-crystal with 
an action u : B —> B of the diagram automorphism u satisfying the condition: 


u o ej = e u (j) o oj and u o fj = f u ^ o uj for all j G /, 
wt(a;(6)) = u*(wtb) for each b G B. 


(3.2.1) 
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Here (and below) we understand that to(9) = 9. We set 

B w := {b E B \ u(b) =b}, 


(3.2.2) 


and assume that B u 7 ^ 0. Note that wt be P c ifl ([)* 1 ) 0 for all b G BP by the second equality 
of (13.2.111 . For each j G /, we define cu-Kashiwara operators e} and fj on B U {9} by: 


(V* . ry* ^ ry* . 


Xj = 


if Cj = 1 , 
Xj x u ,(j) • • if Cj = 2 , 


(3.2.3) 


where x is either e or /. Further, we define maps wt : B u —> P c i and e), ipj : B u —» Z>o, 
j G /, by: 

wt b := (PJ)) _1 (wt 6 ) G P c i for 6 G 

< £j{b) := maxjm > 0 | ( ej) m b 7 ^ 6 *} G Z> 0 for b G and j G /, (3.2.4) 

(f>j(b) := max{m > 0 | ( fj) m b 7 - G Z> 0 for b G £>“ and j G /. 

Proposition 3.2.1. Let B be a regular P'(g) -crystal with an action u> : B —> B of the 
diagram automorphism to satisfying (13.2.11) . Then, the subset B u U{9} ofBU{9} is stable 
under the to-Kashiwara operators e} and fj on B U {9} for all j G /. Moreover, the the 
fixed point subset B u equipped with the maps wt ; e} ; fj, j G /, and £j, (pj, j G I, becomes 
a regular U q (g)-crystal. 

Proof. Step 1. For a proper subset J of I, we set J := { to k (j ) [ 0 < k < Nj — 1, j G J} C 
/. Since B is a regular P^(g)-crystal, it follows that B is isomorphic as a U q (gj) -crystal to 
the crystal base of an integrable P ? (gj)-module, and hence to a direct sum of the crystal 
bases of integrable highest weight Pq(g,/)-modules. Namely, there exists an isomorphism 
of Pq(gj)-crystals: 


*j:B^ Bj( A,) U Bj( A 2 ) U • • ■ U Bj(X p ), (3.2.5) 

for some J-dominant integral weights Ai, A 2 , ..., A p G P c i- Put £> f := 'Pj 1 (£>j(A t )), and 
bt ■= ^f l (v Xt ) for 1 < t < p, where v Xt is the highest weight element of BjiXf). Assume 
that fl B t 7 ^ 0 for any 1 < t < p', and B u fl B t = 0 for all p' + 1 < t < p (1 < p f < p). 
Then the highest weight elements b t G B t , 1 < t < p', are all fixed by to : B —> B, 
i.e., to{b t ) = b t for all 1 < t < p'. Indeed, if 1 < t < p' and b G B u fl B t 7 ^ 0, then 
there exist j\ , j 2 , • • •, ji G J such that b t = e.j 1 e ]2 ■ ■ -ejf). So, it follows from (13.2.111 that 
w(6 t ) = e-u{n)e w (j 2 ) ■ ■ ■ e^b , since cn(6) = b. Here we note that cc(ji), ta(j 2 ), ..., tc(j z ) G 
J, since J is stable under to. Thus, because B t is a connected component of B regarded 
as a P^g./)-crystal, it follows that to{b t ) = £u{n)£w{j 2 )''' e u(ji)b is also contained in B t . In 
addition, we see from (13.2.11) that to{b t ) G B t is the highest weight element with respect 
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to Cj, j G J. Therefore, we conclude that u;(& t ) = b t by the uniqueness of the highest 
weight element in B tl which is isomorphic to Bj(X t ) as a f/ g (gj)-crystal, and hence that 
a;*(A t ) = At. Note also that u(B t ) = B t since B t is a connected C7 9 (gj)-crystal. Moreover, 
since B t is connected as a f/ g (gj)-crystal, it follows from (18.1.11) and (18.2.11) that the 
following diagram commutes: 

Bt BA A t ) 

'■'j Is t 



Bt —BA At). 


ffence we deduce that 

VAB?) = BAA) u BAA) □ • • • U BA\’)- (3.2.6) 

Note that by Theorem 18.1.11 the set on the right-hand side of (18.2.61) . equipped with the 
cn-Kashiwara operators, becomes a C/ 9 (gy)-crystal isomorphic to the crystal base Bj{ Ai) U 
Bj( A 2 ) I—I • • • U Bj( X p i) of the integrable C/ 9 (gy)-module Vy(Ai) © Vy(A 2 ) © ■ • • © Vy(A p /), 
where X t := (PA^iA) for 1 <t< p'. 

Step 2. First we show that the set B u U {9} is stable under the cn-Kashiwara operators 
e}, j G /. Let us fix (arbitrarily) j G I, and let b G B w be such that ejb ^ 9. Set 
J {J} C /, J |a J k (j) | 0 < k < Nj — lj C /, and let Tj be the isomorphism (18. 2. 81) 
of f/ g (g,/)-crystals. Then, from the definitions (18.1.81) and (|8.2.8D of the (n-Kashiwara 
operator e} on (Bj( Ai) U Bj( A 2 ) U • ■ ■ l_l£>j(A p )) U {9} and the one on BU{9}, respectively, 
we see that e^o = Tjo e 3 . Namely, we have e 3 b = Tj 1 (e J ('Fj(6))). Also, we know from 
(18.2.61) that the image ^j(B u ) is a disjoint union of the fixed point subsets BAA) under 
the action of u of the crystal bases Bj( At) of integrable highest weight U q (gj)~ modules, 
ffence, we see by Theorem 13.1.11 that ,/(&)) is contained in 4/j (£>“). Consequently, 
ejb = v hj 1 (e J ('Lj(6))) is contained in B A Similarly, we can show that the set B w U {9} is 
stable under the o;-Kashiwara operators /)■, j G I . This proves the first assertion. 

Next, let us prove the second assertion. We show only the equality <Pj(b) = £j(b) + 
(wt b)(hj) for each b G and j G I (i.e., Condition (1) of |HK1 Definition 4.5.1]); the other 
conditions immediately follow from the definition (18.2.81) of the tn-Kashiwara operators e 3 , 
fj, j G /, the definitions (|3.2.4I) of the maps wt, e}, (pj, j G I, for B u , and equality (12.2.51) . 
Let us fix (arbitrarily) j G /, and set J := {j} C I, J {a ) k {j) | 0 < k < Nj — l} C / 
as above. Then we deduce from (13. 2. 61) and Theorem 13.1.11 that for each b G B w , 

&0M 6 )) = Ai^AA) + (wt^j^))) ft)- (3-2.7) 

In addition, since T j is an isomorphism of f/ g (gj)-crystals (see (13. 2. 51) ). we see from the 
definitions (18.1.41) and (18.2.41) of the maps wt, e), (pj for Bj( Ai) U BAA) U • • • U BAA') 
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and for B u that 


wt (Tj(6)) = wt b, £j(^j(b)) = £j(b), (pj(^j{b)) = Zpj{b) (3.2.8) 


for each b G B UJ . Therefore, by combining (18.2.71) and (|3.2.8|) . we obtain that (pj{b) = 
£j(b) + (wt b)(hj), as desired. 

Finally, the regularity of the £^(g)-crystal B“ follows from (18.2.61) and the comment 
after it. This proves the second assertion. □ 

By the same argument as in the proof of Proposition 13.2.11 we also obtain the following 
Lemmas 13.2.21 and 13.2.31 using Propositions 13.1.21 and 13.1.31 respectively. 


Lemma 3.2.2. Let B be a regular U' q (g)- crystal with an action uj : B —> B of the diagram 
automorphism u satisfying (EID - Then, we have e(m)j = ( ej) m and f(m)j = ( fj) m on 
the fixed point subset B u for every m > 0 and j G /, where e(m)j and f(m)j are defined 
by. 


r^m rJl m ~,m 
X j X Lj{j) X j 


x{m)j = 


x ' X u(j) ' ' ' X u N j~ 1 (j) 


if Cj = 1, 
if Cj = 2, 


(3.2.9) 


where x is either e or f. 


Lemma 3.2.3. Let B be a regular U' q (g)-crystal with an action uj : B —> B of the diagram 
automorphism uj satisfying (EU). Then, for every element b of the fixed point subset 
B u , we have £j(b) = £ u k(j\(b) and (pj{b) = Tu k (j)(b) for all j G / and k > 0. 

Let B be a regular [/'(g)-crystal with an action u : B —> B of the diagram auto¬ 
morphism uj satisfying (18.2.11) . Then it follows from Proposition 18.2.1 1 that the fixed 
point subset B u becomes a regular f/)(g)-crystal. Hence there exists a unique action 
S : W —> Bij(i3“), w I—>■ Sq, of the Weyl group W of the orbit Lie algebra g on the set B w 
such that Sf :i = Sj for all j G /, where Sj is defined as in (II. 4. ID (see Proposition II. 4. 2D . 

Lemma 3.2.4. We have Sq = S 1 ©^) on for all w G W, where 0 : W —> W is the 
isomorphism of groups introduced at the end of In particular, the equality Sj = S Wj 
holds on B w for all j G /. 

Proof. We need only show that the equality Sj = S Wj holds on for all j G /. Fix an 
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arbitrary j G I. Let b G B u , and set m := (wt b)(hj). Here we note that 


1 v j x 

(wt b){hj) = — ((^*) fc (wt b )) (hj) since wt b G (f^) 0 

j k= 0 

Nj-1 Nj -1 

= ^ (Wt6)(/l 

^ /c=0 ^ k =0 

= (wt fe)(Pj 1 (hj)) by the definition (12.2.41) of P w 
= ((P^) -1 (wt6))(^) = (wt&)(fy). (3.2.10) 

So, we have (wt b){hj) = m. In addition, since wt 6 G (f)*i) 0 , it follows that 

(wt b){h^k(j)) = m for all 0 < k < Nj — 1. (3.2.11) 

Now, assume that m > 0. Then we obtain that 


fm f2m fmu 

h 0 


if Cj = 1, 


Sjb = (fj) m b = f(m)jb = 
from the definition of Sj and Lemma [3.2.21 On the other hand, it follows that 


ifc ^ = 2 ’ 


S Wj b 


fm f2 m fm/, _ 

Jj Mi)/? 0 11 c i 

fm fm fm i. „. 

O Ml) J u N i~ x {j)° 11 


1 , 

2 . 


Indeed, if Cj = 1, then we have Wj = rfr^^Tj by Remark 12.2.11 and the definition (12.2.61) 
of Wj, and hence S Wj b = SjS^^Sjb = SjS^^ffb by definition. Since Cj = 1, we deduce 
from Remark [2 . 2 . 1 1 and (13.2.111) that 


(wt(/?*&)) (/i^)) = (wt b - moLj^huU)) = (wt b)(h w ^)) -rrm^Kv)) 

= m — m x (—1) = 2m. 

Therefore, it follows that SjS^f'fb = Sjf^f™b. Similarly, it follows that Sjf^^ffb = 
fpf^fpb. Thus, we obtain that S Wj b = fj 1 f'f^yffb. The proof for the case where c 3 = 2 
is easier. 

Consequently, we obtain that Sjb = S Wj b if m > 0. The proof for the case m < 0 is 
similar. This proves the lemma. □ 


3.3 Fixed point subsets of tensor products of regular crystals. Let B\ (resp., 
£> 2 ) be a regular Ld(g)-crystal with an action of the diagram automorphism u satisfying 
(13.2.ID . with B — B\ (resp., B = B 2 ). Define an action u : B\ 0 B2 — ► £>1 0 £>2 of 
the diagram automorphism u by: uj(b\ 0 b 2 ) = u(bi) 0 a )(b 2 ) for bi 0 b 2 G B\ 0 B 2 . 
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Then, we can easily check by the tensor product rule for t/'(g)-crystals that this action 
u : £>i 0 B 2 —$► Bi 0 B 2 satisfies condition (E2U, with B = B\ ® B ‘2 . ffence it follows 
from Proposition Id . 2.1 1 that the fixed point subset (Bi 0 B 2 ) ul of B\ 0 B 2 under this action 
becomes a regular L^(g)-crystal, when equipped with the cn-Kashiwara operators e 3 and 
fj, 3 e I- 

On the other hand, we obviously have 

{B l 0 B 2 y = {h 0 b 2 I 6 , G Bf, b 2 G Bf], (3.3.1) 

where Bf and B'f are the fixed point subsets of B\ and B 2 under the action of to, respec¬ 
tively. We know from Proposition 13.2.11 that both of the fixed point subsets Bf and Bf 
become regular U' q (^-crystals, when equipped with the cn-Kashiwara operators e 3 and fj, 
j G I. Denote by Bf®Bf the tensor product U'(g} -crystal of Bf and Bf; we use the 
symbol 0 instead of 0 to emphasize that it means the tensor product of £/((g)-crystals. 
Also, we denote by e), j G /, and fj, j G I, the raising Kashiwara operators and lowering 
Kashiwara operators, respectively, on the tensor product f/)(g)-crystal Bf®Bf. 

Lemma 3.3.1. Let $ : Bf® Bf —> (£>i 0 B 2 ) u be the map defined by. $( 61 ® b 2 ) = 61 0 6 2 
forbi®b 2 G Bf®Bf. Then, $ is an isomorphism of U'(g)-crystals between Bf®Bf and 
(B 1 ^B 2 ) u . 

Proof. It is obvious by (13.3.111 that $ is bijective. In addition, it immediately follows that 
$ preserves weights. So, it remains to show show that <3> o e) = ej o $ and $ o fj — fj o $ 
for all j G I since both of Bf®Bf and (B\ 0 Bfy are semiregular U' q (^-crystals. 

We show only the equality $oe) = e) o $ in the case where c 3 = 1 (see Remark 12.2.11) . 
since the proof of the equality $ o fj — fj o $ is similar, and the proof for the case where 
Cj = 2 is easier (cf. jOSSll Proposition 6.4] in the case where c 3 = 2). Let 61 ® b 2 G 
Bf®Bf. We deduce from Lemma E23 1 and the tensor product rules for the U q (g)~ 
crystal B\ ® B 2 and for the tCfgj-crystal Bf®Bf, together with a computation similar 
to (13.2.1011 . that 'Ej(b 1 ®b 2 ) = £j(bi ® b 2 ) (note that 61 ® b 2 = $( 6 x 062 ) by definition), 
where £ 7 ( 61062 ) := max jn > 0 | ej(bi®b 2 ) 7 ^ 6 j. Also, we see from Lemma Hi 2 .31 that 
£j(bi 0 62 ) = £j(6] 0 62 ). Combining these equalities, we obtain that for 61 ® 62 G Bf®Bf, 

£j( 6 i® 6 2 ) = £j(h 0 6 2 ). (3.3.2) 

Therefore, we conclude that ej(bi®b 2 ) = 6 if and only if e J -($( 6 i® 62 )) = Sj( 6 i 0 b 2 ) = 9. 

Now, we assume that 6 j( 6 i® b 2 ) 9 ; note that efj( 6 i 0 b 2 ) 9, as seen above. We 

further assume that (pj(bf) > £j(6 2 ), since the proof for the case where <Pj(bi) < £)(b 2 ) 
is similar. Then we have e 3 {b\®b 2 ) = ejb\®b 2 by the definition of ej. Set b\ ® b' 2 : = 
ej( 6 i 062 ). Because f> 3 {b\ ) > £j{b 2 ) by the assumption, it follows from Lemma 13.2.31 that 
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ifj(b i) > £j(b 2 ). Hence we deduce that 

b[ 0 &' 2 = ej( 6 i 0 b 2 ) = 0 6 2 ) = ^l(j){ejbi 0 62 )■ 

Here, we obviously have 61 € Bf, b 2 G £>2 since bi®b 2 G Bf®Bf. In addition, since 
6 ', 0 b' 2 = e 3 (b] 0 b 2 ) G (Bi 0 B 2 ) t ‘ ; by Proposition Id. 2. 11 it follows from (Id. d. Ill that 
G B^, b' 2 G B£. Thus, we have wtfei, wt 6', , wtfe 2 , wt b' 2 G ( f? ci)°- Consequently, by the 
tensor product rule for crystals, we obtain that 

b[ 0 b 2 = ejel {j) (ejbi 0 b 2 ) 

= ( e j e l(j) e jb 1 ) b 2 or (e^ejbi) 0 (e i e w (,- ) 6 2 )- 

Indeed, the 6 ^ 0 62 cannot be equal to ( e f,(j) e j^i) ® (e^), f° r example, since wt(ej& 2 ) = 
wt b 2 -\- a.j is not contained in (f)^) 0 . Moreover, we have the following claim. 

Claim. The b\ 0 b' 2 cannot be equal to [e^^ejbi) 0 {eje u} (j)b 2 ). 

Proof of Claim. Suppose that b\ 0 6' 2 = {^u(j) e jbi) 0 (e^e^y)^)- Then we have 6 ^ = 
e u>(j) e jbi ■ Let J := {j, u;(j)} C /, and denote by Bi(b\) the connected component of B\, 
regarded as a ^(gj)-crystal, containing the b\ G B\. Note that b\ is also contained in 
Bi(bf). We see that B\(bi) is isomorphic as a f/,j( 0 j)-crystal to the crystal base Bj( A) for 
some J-dominant integral weight A G P c 1 (see (Id. 2. 511 1. Because Bf ft B\(bi) contains b 2 
and b\ (and hence is nonempty), we deduce as in Step 1 of the proof of Proposition ld. 2.11 
that a;*(A) = A, and that Bf fl B\{bi) equipped with cn-Kashiwara operators becomes a 
Cq(llj)-crystal isomorphic to the crystal base Bj{ A), where J := {j} and A := (T^) _1 (A). 
Since Bj{ A) is connected, it follows that both of wt 61 and wt b\ are contained in the set 
A + ZSj, and hence that wt 61 — wt b\ G Z otj. But, we obtain by (12.2.511 that 

wt b\ = wt(e u ,(j)e i j 6 i) = wt 61 + -a 3 ^ wt b\ + Z a 3 , 
which is a contradiction. This proves the claim. 

Therefore, we conclude that ej(b\ 062 ) = { e j e u(j) e jbi) ®b 2 = ejb\ ®b 2 , from which the 
equality <&(ej(bi®b 2 )) = e}($(&iC 8 b 2 )) immediately follows. This completes the proof of 
the lemma. □ 

Because the fixed point subsets Bf, Bf, and [Bi®B 2 Y , equipped with the tn-Kashiwara 
operators e 3 and f 3 , j G /, are all regular [/)(g)-crystals by Propositioin ld.2.l1 there exist 
actions of the Weyl group W of g on them by Proposition 11.4.21 all of which are denoted 
by Sw, w G W. With this notation, we have the following lemma. 

Lemma 3.3.2. Let b\ G Bf and b 2 G Bf be W-extremal elements whose weights are 
contained in the same Weyl chamber with respect to the simple coroots hj, j G Iq. Then, 
& 10&2 G (Bi0B 2 ) w is also a W-extremal element, and the equality Sw(bi®b 2 ) = Swb\®Su,b 2 
holds for all w G W . 
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Proof. Since the tensor product [/.'(g)-crystal Bf® Bf is regular, there exists an action of 
the Weyl group W on Bf®Bf (see Proposition ll.4.21) . In addition, since : Bf®Bf —» 
(B i ®B 2 ) U is an isomorphism of L7(g)-crystals by Lemma lirS.fS.il it follows from the defini¬ 
tions of the actions of the Weyl group W on Bf® Bf and on ( B 1 ®B 2 ) UJ that 4>o Sq = Sq o$ 
for all w E W. Hence, we see that bi ® b 2 E (£q ® £> 2 )“ is a W -extremal element since 
d> _1 (6i®6 2 ) = bi® b 2 is a IF-extremal element of the tensor product U q (g) -crystal Bf® Bf 
by Lemma fl .4.51 Also, the equality Sw(b\ ® b 2 ) = S$bi ® Swb- 2 immediately follows from 
Lemma 11.4.51 and the equality $ o Sq = ° 3>. □ 

4 Proof of the main result. 

In this section, we use the notation of < 32.31 and keep Assumption 12.3.11 Recall that we 
fixed (arbitrarily) i E I 0 — I \ {0} and s E Z>i. By (12.3.71) . B l,s is a regular U' q (g)- 
crystal with an action u : B l s —> B 1,s of the diagram automorphism u satisfying condition 
(13.2.11) . with B = B l,s . Hence we can apply the results in 33.21 to the case where B = B hS , 
J3 W = B l ’ s , and those in 33.31 to the case where £>i = £> 2 = B l,s , Bf = Bf = B l,s . 

4.1 Proof of regularity. The following proposition immediately follows from Propo¬ 
sition IX2IU applied to the case B = B l,s (note that B w = B 1,s ). 

Proposition 4.1.1. The subset B l,s U {0} of B l,s U { 6 } is stable under the u-Kashiwara 
operators ej and fj on B l ' s U {0} for all j E I. In addition, the B l,s equipped with the 
maps wt , ej, fj, j E I, and £j, (pj, j E I, becomes a regular U’ q (g)-crystal. 

4.2 Proof of simplicity. In this subsection, we prove that the U q (g )-crystal B l,s is 
simple. First we show the following proposition. 

Proposition 4.2.1. The set B t,s is of finite cardinality, and the weights of elements of 
B l ' s are all contained in (P c i)o- Namely, the U q (g)-crystal B l ' s satisfies condition (SI) of 
Definition \l.f.b\ 

Proof. Since B l ' s is the tensor product of the crystal bases B^ k ^ ,s , 0 < k < W — 1, of 
finite cardinality, it follows that B t,s is a finite set, and hence so is B l,s . Therefore, it 
suffices to show that wt b E (P c i)o f° r all b E B l ' s . Let b E B l,s . Then we deduce that 

(wtb)(c) = ((p:)-\wtb))(c) 

= (wt 6)(Pj 1 (c)) (see the comment after (12.2.41) 1 
= (wt6)(c) bv (12.2.51) . (4.2.1) 

Because the [/'(g)-crystal B l,s is perfect (and hence simple), we have (wtfe)(c) = 0, and 
hence (wt6)(P) = 0. This proves the proposition. □ 
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The rest of this subsection is devoted to proving that the Ld®-crystal B hS satisfies 
condition (S2), and also condition (S3), of Definition II.4.61 Since B l,s is a perfect (and 
hence simple) [/)(g)-crystal, it follows from Lemma ll .4.81 that there exists a unique W- 
extremal element of B l,s , denoted by u, such that wtn is Jo-dominant, i.e., (wt u)(hj) > 0 
for all j G J 0 = J \ {0} (this u is equal to the element u lyS G B l)S in Remark f5. 1.31) . 

Lemma 4.2.2. The W-extremal element u G B l,s is contained in the fixed point subset 
B l,s . Moreover, the element u is also a W-extremal element of the U' q (g)-crystal B l,s . 
Namely, for every w G IT, either ejS^u = 6 or fjS^u = 9 holds for each j G I. 

Proof. We first show that u(u) = u. Note that wt(u;(n)) is J 0 -dominant. In addition, for 
each w G W, we have 

S w (u(u)) = a )(S w 'u) (4.2.2) 

for some w' G W. Indeed, we see from the definition of the action of IT on B l,s and (12.3.71) 
that Sj(u)(b)) = u(S LJ -i(j)b) for all j G J and b G B l,s . Therefore, if w = r n r n ■ ■ ■rj is a 
reduced expression of w G W, then we have 


S w (u(u)) = S n S j2 • • • S jp (uj(u)) 

i(jf2) * * * 1 (ip)^) ^ 

where w' := ''' r uj~ 1 (j p ) *= W. Since S w /U G B l,s is a IT-extremal cle¬ 

ment, we deduce from (12.3.71) and (14.2.21) that u(u) is also a IT-extremal element, whose 
weight wt(u;(u)) is Jo-dominant. Consequently, it follows from the uniqueness of u (see 
Lemma, fl. 4. SI) that u(u) = u. Thus we obtain that u G B l,s . 

Now, let w G W. We know from Lemma 13.2.41 that Squ = Sq^u. Since u is a 
IT-extremal element of the J7(g)-crystal B l ' s , either ejS^u = = 9 or fjSwU = 

fjSe(w)U = 9 holds for each j G J. Therefore, it follows from the definition of the u>- 
Kashiwara operators eq-, fj , j G J, that ejS^u = 9 or fjS^u = 9 for each j G J. This 
proves the lemma. □ 

Let b’ G B l,s be a IT-extremal element of the regular t/'(g) -crystal B l,s . Then there 
exists some w G IT such that wt (S^b') is Jo-dominant, i.e., (wt (S$b')) (hj) > 0 for all 
j G Jo = J \ {0}. Hence, in order to prove that the -crystal B l,s satisfies condition 
(S2) of Definition 11. 4. (il it suffices to show the next proposition. 

Proposition 4.2.3. Let b G B l ' s be a W-extremal element of the regular U'(g)- crystal 
B l ' s such that wt b is I 0 -dominant. Then we have b — u. 


In the proof below of Proposition 14.2.31 we need some lemmas. 






















Lemma 4.2.4. Letfi , V be elements o/(P c i)o that are contained in the same Weyl chamber 
with respect to hj, j G / 0 . Then, for each w G PL, w(/i) and wp) are contained in the 
same Weyl chamber with respect to the simple coroots hj, j G / 0 . Moreover, for each 
id G W, we have either ( wp))(h 0 ) < 0 and ( wp))(h 0 ) < 0, or (wp))(h 0 ) > 0 and 
(wp))(h 0 ) > 0 . 


Proof. Recall that the Weyl group W of 0 decomposes into the semidirect product Wj ix T 
of the Weyl group Wy := p) \ j G Iq) (of hnite type) and the abelian group T of 
translations. Hence, for each w G W, there exists S' G Wy and t G T such that w = dt. 
Then, since fi, V G (P c i)o by the assumption, it follows from |lKac;. Chap. 6 , formula (6.5.5)] 
that tp) = fi, tip) = v, and hence that wp) = 'zip), wp) = dp). Consequently, for 
each w G W, wp) and wp) are contained in the same Weyl chamber with respect to the 
simple coroots hj , j G Iq. 

Now, we fix an arbitrary w G W. Note that h 0 = d—9 v , where 9 V is the highest coroot 
of the dual root system of 0 y Q . Since wp) and wp) are contained in (P c i)o, we have 

pp))(h 0 ) = pp))p- n = -pp)w), 2 

PP))ih 0 ) = (wP))(c-9P = ~(wp))(9 v ). 


Because wp) and wp) are contained in the same Weyl chamber as shown above, we 
conclude from (14.2.511 that either {wp)){h 0 ) < 0 and (■u}(z/))(h 0 ) < 0, or ( wp))po) > 0 
and (wp))(ho) > 0. This proves the lemma. □ 

Lemma 4.2.5. Let fi, v be elements of (P c i) 0 that are p-dominant, and assume that fi ^ 
v. Then, there exists somez G Wy such that (dp))(ho) ^ pp))(h 0 ), and (dp))(ho) < 0, 
(zp))(h 0 ) < 0 . 

Proof. First, let us show that there exists some w G W such that ( wp))(h 0 ) ^ (wp))(h 0 ), 
and such that (wp))(h 0 ) < 0, (wp))(h 0 ) < 0. Suppose that ( wp))(h 0 ) = ( wp))(h 0 ) for 
all w G W, or equivalently 


fi(h) = v(h) for all h G Wh 0 . 


(4.2.4) 


It is easy to show (cf. the argument in the hint for jKacl Exercise 6.9]) that f) c i is generated 
by Who as a C-vector space: f) c i = Ylhewho^h- Therefore, it immediately follows from 
( 14 . 2.411 that fi(h) = P(h) for all h G t) c i, and hence that fi = u, which contradicts the 
assumption. This shows that ( wp))(h 0 ) ^ (wp))(ho) for some w G W. Furthermore, for 
this w G W, we see from Lemma 14 . 2.41 that either (wp))(h 0 ) < 0 and (wp))(ho) < 0, 
or (wp))(h 0 ) > 0 and (wp))(h 0 ) > 0. If ( wp))(h 0 ) > 0 and (wp))(h 0 ) > 0, then 
p 0 wp))(h 0 ) < 0 and p 0 wp))(h 0 ) < 0, with p 0 wp))(h 0 ) ^ (r 0 wp))(h 0 ). Thus, we 
have obtained an element w G W such that ( wp))(ho) ^ ( wp))(h 0 ), and ( wp))(h 0 ) < 0, 
(wp))(h 0 ) < 0. 
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If we write the w E W in the form w — 'zt, with S' G Wf and t E T, then we 
have w(fi) = z(fi) and w(u) = z(Ji) (see the proof of Lemma 14.2.4(1 , and hence that 
(z(/2))(h 0 ) 7^ (z(P))(h 0 ), and (. z(fi))(h 0 ) < 0, (z(P))(h 0 ) < 0. This proves the lemma. □ 

Proof of Proposition \4-2.Q Recall from 1 12.31 that B l,s is a perfect [/'(g)-crystal isomorphic 
to the crystal base of a tensor product of finite-dimensional irreducible [/((g)-nio dales. By 
Proposition II. 4.1 51 (2). we have an energy function H on the tensor product [/((g)-crystal 
B l ' s ®B l ' s . We show that if 6 were not equal to u, then the energy function H would attain 
infinitely many different values on the finite set B l,s 0 B l ' s . This proves the proposition 
by contradiction. 

Now, suppose that b y u. Since u E B t,s by Lemma 14.2.21 and b E B l,s by assumption, 
it follows that fi := wt u E (P c i)o fl (f)^) 0 and v := wt b E (P c i)o hi (f)*i)°- Note that fi 7^ v 
since (B l,s )^ = {«} by condition (S3) of Definition 11.4.61 If we set fi := (Pf)~ l (p) and 
v := (Pf)~ l (v), then by Proposition 14.2.11 we have fi, v E (P c i) 0 . Let us take z E Wj 
such that (z(fi))(h 0 ) y fz(u))(h 0 ), and such that fz(fi))(ho) < 0, (z(u))(h 0 ) < 0 (see 
Lemma 14.2.51) . 

Step 1. Define an action of oo : B t,s 0 B l,s —> B l,s 0 B l,s of the diagram automorphism uj 
by: u(bi 0 b 2 ) = 00 (h) <0 oo(b 2 ) for 61 0 b 2 E B l,s 0 B l ' s , and let (B l ' s 0 B t,s ) u be the fixed 
point subset of B l,s 0 B lyS under this action of u as in Pi. Ml Obviously, u 0 b is contained 
in the fixed point subset (B l,s 0 B l ’ s ) w ■ Furthermore, we deduce from Lemma [3.3.21 that 
u 0 b is a IP-extremal element of the regular [/'(g)-crystal (B l,s 0 B l ' s ) u equipped with 
cn-Kashiwara operators, and that S$(u 0 6) = Spu 0 S76. We set p := — fz(fi))(h 0 ), and 
q := —(T(P))(ho); note that p 7^ q, and p > 0, q > 0. Then, because 

(wt (S$u 0 Szb)^j (h 0 ) = ( z(fi ) + z(u))(h 0 ) = -(p + q) < 0, 

we have by the definition of So, 

S 0 S~(« 0 6) = (e 0 y +q (S~u®S?b) = e p 0 +q (SzU®S~b) 

(note that e 0 = e 0 ). In addition, since SPu and S76 are IP-extremal elements of the [/'(g)- 
crystal B 1,s , and since (wt S^u) (ho) = (z(j2))(h 0 ) = —p < 0, (wt Szb)(ho) = (fz(p))(h 0) = 
—g < 0, we obtain that 

£o(Szu) = £ 0 (Szu) = 0 and £ 0 (S^b) = £ 0 (S^b) = 0, 

Po(S~u) = (p 0 (SzU) = p and (p 0 (S~b) = Po(S~b) = q 

(note that e 0 = e 0 , /o = fo). Using these equalities, we can easily show by the tensor 
product rule for the [/^(g)-crystal B l ' s 0 B l,s that 

^ ^ [ S~u 0 e l 0 (Szb) for 0 < l < q, 

e l 0 (S~u 0 S76) = < _ _ (4.2.5) 

I e 0 q (S~u) 0 el(Szb) for q < l < p + q. 
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(4.2.6) 


Thus, by using (11.4.511 (applied to the case B = B l ' s ) successively, we obtain that 

H (s 0 Sz(u 0 = H (^SzU ® e g 0 (S~b)^J + p. 

Indeed, we deduce that 

H(s 0 £k(u ® 6)) = //(e(; +9 (^u 0 &&)) 

= H{e 0 (el~ l (S^u) 0 e^(5h6))) by (14.2.51) 

= h(^q~ 1 {S^u) 0 e^Sbfr)) + 1 since £ 0 (el(Szb)) = 0 

= H (e 0 (e{f 2 (Shu) 0 e q 0 (S^b)) ) +1 by (14.2.51) 

= H(e P Q~ 2 (S-pu) 0 eg(5b6)j + 2 since e 0 (eg ($?&)) = 0. 

Continuing in this way, we finally obtain (14.2.61) . Furthermore, again by using (II .4.51) 
successively, we obtain that 

H^SzU 0 e q 0 (S~b) j = H^SzU 0 Sjfe) — q. (4.2.7) 

Indeed, we deduce that 

ff(^0eS(^)) = H[e Q (S^u®e q -\S^b))) by 

= H^S^u 0 eo _1 (5 , jfe)j — 1 since (p 0 (S?u) = 0 and £ 0 ( e o ^(Szb)) > 0 
= H(e 0 (SzU 0 e q ^ 2 (Szb)) j by (14.2.51) 

= H^S-u 0 eo _2 (Sb&)j — 2 since 9?o(SV«) = 0 and £o(el~ 2 (S-zb)) > 0 . 

Continuing in this way, we finally obtain (14.2.71) . Hence, by combining (14.2.61) and (J4.2.7I) , 
we have 

H ( SqSz(u 0 b )) = H{SzU 0 S~b ) + p — q. 

Also, we deduce from (11.4.51) and (11.4.611 (applied to the case B = B hS ) that 

h(^S~u 0 Ssbj = H (jSz(u 0 b) j = H(u 0 b), 

since «SV is defined by using only e) and fj , j G Jo, and hence by using only and fj , 
j 6 Thus we conclude that 

7/ (So£j(u 0 6)) = if (w 0 6) + p - q. (4.2.8) 
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Step 2. We write fo G W in the form tq — z't, with z 1 G Wj q and t G T. Then we 
obtain that 


Z(r 0 z(ji)) = z , t{rfz(Ji)) since ? Q z(p) G (P c i)o 

= r 0 (r 0 z(fi)) = z(/2), (4.2.9) 

and similarly that z'ro’zfP) = z(P). Set b\ <g) b 2 := Sz’SoS~(u <g) b). It follows from 
Lemma lit.1.21 that b\ = S^S 0 S^(u) and b 2 = S^S 0 S^(b). Hence, by (14.2.9(1 . we have 
wt b\ = 'zip) and wt & 2 = z(v). Now, by the same argument as in Step 1 above, we can 
deduce that 

H(S 0 (bi <g) 6 2 )) = H(bi ®b 2 )+p-q. 

Note that since z 1 G H 7 ^, the Sy is defined by using only e v fj, j G I 0 , and hence by 
using only ej, fj, j G I 0 . Therefore, by (11.4.51) and (11.4.61) . we obtain that 

H(S 0 (b 1 <g> b 2 )) = H(b 1 <g> 6 2 ) + p - q = H(SyS 0 S?(u <g) b)) +p - q 
= H(S 0 S?(u <g) b)) + p — q 
= H(u® b) + 2(p — q) bv (I4.2.8J) . 

Repeating this argument, we can show that for every k G Z>o, there exists some x G 
( B l,s ® B hs y C B l,s <g) B t,s such that H(x) = H(u <g) b) + 2 k(p — q). This contradicts the 
fact that B' l,s (g> B l,s is a finite set. Thus we have proved the proposition. □ 

Finally, we show that the B l,s satisfies condition (S3) of Definition 11.4.61 

Proposition 4.2.6. Let b G B t,s be a W-extremal element of the U' q (o)-crystal B 1,s , and 
set fi := wt b. Then, the subset (B l ’ s )fi C B l,s of all elements of weight fl consists only of 
the element b, i.e., {B lyS )y = {&}. 

Proof. By Proposition 14. 2.31 together with the comment before it, we see that b is con¬ 
tained in the VF-orbit of u G B l,s : b = Squ for some w G W. Furthermore, it follows 
from Lemma 13.2.41 that b = Sq^)U, and hence that b is contained also in the VF-orbit of 
u. Note that since u G B t,s is a VF-extremal element of the simple U' q (g)-crystal B t,s , so is 
the b G B l,s . I 11 particular, bv condition ('S3') of Definition 11.4.61 we have (B l,s 'L.+ j , = «• 
Therefore, we obtain that (, B l,s )-jx = {&}, as desired. □ 

Combining Propositions 14.2.11 14.2.31 and 14.2.61 we now establish the simplicity of the 
U q (g) -crystal B hS . 
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4.3 Proof of bijectivity. 

Proposition 4.3.1. The level of the simple U' q (o)-crystal B l,s is equal to s. Moreover, 
the maps e, (p : (B hS ) min —> (P c {) s are bijective. 

Proof. We see from T^emma [3.2.31 applied to the case where B = B t,s and B u = B l,s that 
Pf{e{b)) = e(b) for all b G B l,s . Therefore, we deduce that 

= (£(b))(P~ 1 (c)) (see the comment after (12.2.41) 1 

= (e(6))(c) bytjlli, 

and hence that (e(6))(c) = (e(6))(c) > s for all b G C £> i,s since B l ' s is a perfect 
f/g(g)-crystal of level s. This implies that the level of B l,s is greater than or equal to s. 
So, to prove that the level of B t,s is equal to s, it suffices to show that there exists some 
b G B l ' s such that (P(b))(c) = s. Let /2 G (P c |) s ; note that (P c |) s ^ 0 for all s G Z> x 
since sA 0 G (P c |) s . Then we deduce that (Pj)(/2))(c) = /2(P^(c)) = /2(c) = s, and hence 
that Pf(jT) G (P c |) s . Because B hS is a perfect JP(g)-crystal of level s, there exists a 
(unique) b G (P*’ s ) min such that e{b) = Pj)(/2) G (P c |) s . It follows that this b is contained 
in B l,s , i.e., that uj(b) = b. Indeed, we see from (12.3.71) that £j(uj(b)) = e w -i(j)(b) for all 
j G I, and hence that e(o;(&)) = c u*(e(b)). But, since e(b) = P^(/2) G (P c |) s fl (f)ci )°5 
we have LU*(e(b)) = e(b). So, we have £(cv(b)) = £(b). Because £ : (B i ’ s ) min —> (P c |) s is 
bijective, we conclude that t o(b) = b. Also, it follows from the formulas Pj)(e(fe)) = £(b ) 
and Pj)(/2) = £{b) that £(b) = /2. Consequently, we have (e(6))(c) = /2(c) = s since 
fi G (P c |) s . Thus, we have shown that lev B l,s = s. 

Next, we prove that the map e : (B hS ) min —> (P c [) s is bijective. The argument above 
shows that for each /2 G (P c |)s, there exists some b G (P M ) m in such that ?(&) = fi, 
which means that the map £ : (B hS ) m in —»• (P c |) s is surjective. Let us show that e : 
(P*’ s ) m i n —> (P c |) s is injective. Assume that P(b) = ?(&') for b, b 1 G (B M ) m in- Note that, by 
Lemma 13. 2. 31 e(6) = Pj)(e(&)) = Pf(e;{b')) = £{b'), and hence that (e( 6 ))(c) = (e( 6 ))(c) = 
s, (e(&'))(c) = (£(6'))(c) = s , i.e., that b, b' G (B t,s ) m i n . Therefore, we conclude from the 
equality £{b) = £(b') that b = b' since e : (P*’ s )min —> (P c |) s is bijective. Thus, we have 
shown that the map e : (P*’ s ) m i n —>► (P c |) s is injective, and hence bijective. Similarly, we 
can show that the map (p : (£> vs ) m i n —>► (P c [) s is bijective. This proves the proposition. □ 

By Proposition 14.3.11 we can conclude that B l,s is a perfect t/ f )(g)-crystal of level s, 
thereby completing the proof of Theorem 12.4.1 1 

4.4 Relation to virtual crystals. Let u be the unique W-extremal element of the 
simple LP(g)-crystal B l,s whose weight is Jo-dominant. Then, by Lem ma id. 2. 21 the element 
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u is contained in the fixed point subset B l ' s . In addition, since B l,s is a perfect (and hence 
simple) [/'(g)-crystal by Theorem 12.4. 11 we see by Proposition II. 4.1(11 111 that B L,S is equal 
to the set of elements of B l,s obtained by applying the cn-Kashiwara operators e 31 f 3 , j G /, 
successively to u. Therefore, if the pair (g,to) is in Case (a) (resp., (c), (d), (e)) in H2.ll 
then (B l,s ,B hS ) agrees with the virtual crystal for (D^,, A^,) defined in |()SS1L §6.7] 
(resp., (^^n-i, D^h), (Eq 2 \e^) defined in |OSS2l Definition 2.6]). 

As for combinatorial A-matrices, we have the following proposition (see also [OHF)2i 
Definition-Conjecture 3.4] and the comment after it). 

Proposition 4.4.1. Let us fix i\ G Io, Si G Z> 1; and i 2 G Io, s 2 G Z>i, for which 
Assumption \2.S.f\ is satisfied. Then, there exists an isomorphism R : B H,Sl ® B‘ 2 ’ S2 —> 
B l2,S2 %B ll ’ Sl of Ug(g)-crystals. 

Proof. As in H3.31 we define an action to : B ll,Sl ® B l2,S2 —> B n,Sl ® £>* 2,S2 of the diagram 
automorphism u> by: to{b\ ® b 2 ) = ® to(b 2 ) for b\ ® b 2 G B n,Sl ® B l2,S2 , and let 

( B n,si ® B l2 ’ S2 Y be the fixed point subset under this action of to. Similarly, we define an 
action to : B l2,S2 ® B n,si —> B l2,S2 ® B n,si of to as above, and let (£>* 2,S2 ® £> n,si ) a; be the 
fixed point subset under this action of to. 

Claim. Let R : B n,si ® B l2,S2 —> B l2)S2 ® B n,si be the combinatorial R-matrix in Proposi- 
tion \l.f.n\ {l ). Then we have R((B n,S1 <E> B l 2,S2 )“') c ( B l2,s 2 ® B n,si ) u> . 

Proof of Claim. Let vi\ (resp., u 2 ) be the unique IT-extremal element of the simple [/'(g)- 
crystal B n,s 1 (resp., B l2,S2 ) whose weight is / 0 -dominant (see Lemma fl. 4. 811 . Then we see 
from Lemma PL 2 .21 and (13.3.111 that u\®u 2 G (B n ' sl ®B l2 ’ S2 ) UJ and u 2 ®u\ G (B 12,S2 ®B 11,S1 ) U} . 
Now, let b G (B H ’ Sl ® B l2,S2 ) u> . Because (B n,Sl ® iT 2 ’ 52 )^ is isomorphic to B ll,Sl ® B l2,S2 as 
a [/'(g)-crystal by Lemma TL3.ll it follows from Theorem 12.4.II and Proposition II. 4.1171 (2) 
that the [/'(g)-crystal ( B n,si ® JS l2 ' S2 Y is simple. Therefore, the b G ( B 11,S1 ® tS l2,S2 Y can 
be written as: b = x n x 32 ■ ■ ■ x 3l {u\ ® u 2 ), where x 3 is either e 3 or fj for each j G /. Since 
R is an isomorphism of [/'(g)-crystals, we see from the definition of the cu-Kashiwara 
operators e 3 and f 3 , j G /, that R(b) = x 31 x 32 ■ ■ ■x 3l R{u\ ® u 2 ). Furthermore, it follows 
from Lemma CISI that U\ ® u 2 (resp., u 2 ® Mi) is a IT-extremal element of the simple 
[/'(g)-crystal B n,Sl ® B l2,S2 (resp. B l2 ' S2 ® B H,Sl ) whose weight is / 0 -dominant. Because 
such an element of the simple [/((g)-crystal is unique by Lemma fl. 4. 81 we conclude that 
R(fui®u 2 ) = u 2 ®u\, and hence that R(b) = x 3l x 32 ■ ■ In addition, we deduce 

from Proposition 13.2.1 I applied to the case B = B l2 ’ S2 ®B 11,S1 that R(b) G ( B l2,s2 ®B 11,S1 ) U 
since u 2 ® U\ G ( B l2,s2 ® B H,Sl ) u . This proves the claim. 

Now we define a map R : B n,si ® B t2,S2 —> B l2,S2 ® B n,si by the following commutative 
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diagram: 


B' 11 ’ S1 ® B 12 ’ 32 —(B h ’ si 0 B i2 ’ S2 ) u> 

r R (4-4.1) 

B i2 ' S2 ®B n ' Sl — (£T 2 ’ S2 0 i?* 1 ’ 81 )", 

where the isomorphism $! (resp., $ 2 ) of bf'(g)-crystals on the top (resp., on the bot¬ 
tom) is given by Lemma 13.3. it It immediately follows from this commutative diagram 
that R : B 11 ' S1 ® B l2,S2 —■> B l2,S2 ® B n,si is an embedding of U' q (g)-crystals. In addition, 
since the [/'(g)-crystals B n,si and B l2,S2 are perfect (and hence simple) by Theorem 12.4.11 
we see from Proposition 11.4.101 (2) that B l2,S2 ® B n,Sl is a simple L^(g)-crystal, and that 
B Z2,S2 <® B H,Sl is connected. Consequently, we deduce that R : B n,Sl ® B l2,S2 —> £>* 2,S2 0 B ll,Sl 
is surjective, and hence bijective. Thus we have proved the proposition. □ 

Similarly, using the isomorphism : B l,s 0 B l,s ^4 ( B l ' s 0 B' ,s ) !jJ C B l,s 0 B l ' s of t/'(g)- 
crystals in Lemma ITT II we can prove the following proposition. 

Proposition 4.4.2. We define a Z-valued function H : B l,s ®B‘ ,s —► Z by 

H(bi® 62 ) := 10 b 2 )) = //(&! 0 b 2 ) for 6 X 0 6 2 G F’ s 0 (4.4.2) 

where H : 0 IT ’ 8 —> Z zs t/ie energy function in Proposition \l.f. Tty (2). Then, the 

function H enjoys the following property: 

( H(b i 0 b 2 ) + 1 if j = 0 and £o(&i) > £o(M> 

H(ej(bi%b 2 )) = < H(bi®b 2 ) - 1 if j = 0 and <po(bi) < £o(b 2 ), (4.4.3) 

[H{b i 0 62 ) if j 0, 

for all j G / and b\®b 2 G B i,s <S>B l,s such that e)(&i0 b 2 ) 6. 

5 Branching rules with respect to U q (Qf). 

In this section, we use the notation of < 12. 31 and keep Assumption 12.3. II for the (arbitrarily) 
fixed i G Iq — J\{0} and s G Z>i. Since B l,s is a perfect (and hence regular) U' q (g)-crystal 
for i G Iq — I \ {0} and s G Z> x by Theorem 12.4.11 it decomposes, as a U q (gf)~ crystal, 
into a direct sum of the crystal bases of integrable highest weight U q (gf } -modules. In 
this section, we explicitly describe the branching rule, i.e., how the B l,s decomposes, with 
respect to the restriction to U q (gf ) for almost all i G Jo and s G Z>!. 

5.1 Preliminary results. Let us set 

(£^) h w ;= {b g B' 1 ’ 3 | Sjb = 6 for all j G J 0 } (5.1.1) 
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(5.1.2) 


for ie/o and s G Z>i. Then, by the regularity of the Ld(g)-crystal B l,s , we have 

B l ' s = 0 B To (wtb) as C 4 (fl/ 0 )-crystals, 

6e(B^) h . w . 

where £>^ o (A) denotes the crystal base of the integrable highest weight U q (Qf )-module of 
(Jo-dominant) highest weight A G P c \. Similarly, we set 

(£ M )h.w. := {b G | ejb = 6 for all j G J 0 } (5.1.3) 

for i G Jo and s G Z>!. Then, by the regularity of the JT(g)-crystal £>* ,s , we have 

B t,s = £>/ 0 (wt&) as f/ g (g/ 0 )-crystals, (5.1.4) 

where £>/ 0 (A) denotes the crystal base of the integrable highest weight f/q(g/ 0 )-module of 
(Jo-dominant) highest weight A G P c i- 

Lemma 5.1.1. We have 

(P ?: ’ s ) h . w . = (^’ s ) h . w . n = {b G (H ?; ’ s ) h . w . | w(6) = b}. (5.1.5) 

Proof. The inclusion (£> i,s )h.w. D (S !,s )h.w n 6 !,s is obvious from the definition of the raising 
cn-Kashiwara operators e}, j G J. For the reverse inclusion, let b G (£> t,s )h.w. (note that 
u(b) = b by definition). Then it follows that £ 3 {b) = 0 for all j G Jo, and hence by 
Lemma, f3.2.3l that £j(b) = 0 for all j G Jo- This implies that ejb = 6 for all j G Jo- Hence 
we have b G (£> ,,,s )h.w. FI £> ?,s . This proves the lemma. □ 

Lemma 5.1.2. Assume that the decomposition (EH of B l,s as a U q (Qj 0 )-crystal is 
multiplicity-free. Then we have 

{B l,s )h.w. = {J G (B l,s ) h.w. | u;*(wt b) = wt 6 }. (5.1.6) 

Proof. The inclusion C is obvious by Lemma 15.1.11 For the reverse inclusion, let b G 
( B l,s )h.w. be such that co*(wtb) = wt b. It immediately follows from (12.3.711 that u(b) 
is also contained in (£> z,s )h.w. (note that cn(Jo) = Jo)- In addition, we have wt(u;(J)) = 
cn*(wt5) = wt b. Therefore, we deduce that u{b) = 5, since the decomposition (15. 1.41) of 
B l,s as a tJ 9 (g/ 0 )-crystal is multiplicity-free by the assumption. Thus, the b G (B l,s ) h. w . is 
contained in the set (£>' ,s )h. w . H B l,s , and hence in the set (£> ,,,s )h.w. by Lemma 15. 1.11 This 
proves the lemma. □ 

In 3-5.21 - 35.61 below, by using Lemma 15.1 .21 we give an explicit description of the 
branching rule for B l,s for i G Jq and s G Z>i with respect to the restriction to U q (gj o ), 
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except a few cases where the decomposition (I5.1.4j) of B l,s as a -crystal is not 

multiplicity-free. In the following, we use the notation: 


ZUi . - 

-A j — a ) 7 Ao 

G 

Pci 

for i 

G 

Io, 




(5.1.7) 


Ni- 1 










ZZJ i . - 


G 

Pci 

for i 

G 

Ab 

and 

ZUo 

:= 0 , 

(5.1.8) 


k= 0 










ZUi •' 

= A i -a( A 0 

G 

Pel 

for % 

G 

A, 

and 

Wq : 

:= 0 . 

(5.1.9) 


Note that P*(zu t ) = Wi for all i G Jo, and also for i = 0. 

Remark 5.1.3. For j 6 / 0 and s G Z> 1; we set u lyS = u iyS 0 ^ jS 0 • • ■ 0 u , J j N ,- l {i).si where 
the u u ku\ s G B uk ® ,s , 0 < fc < Ni — 1, are the IF-extremal elements in Remark 12.3.21 
Then, by Lemma II .4.51 this Ui tS is the IF-extremal element of the simple Pg(fl)-crystal 
B l,s such that (wt Ui, s ){hj) > 0 for all j G R. In fact, we have wt Ui tS = swi. Therefore, 
it follows from Remark 11.4.91 that the weights of elements of B l,s are all contained in the 
set swi — Z >o a j- Also, the weights of elements of B l,s are all contained in the set 

SW i — Sje/o Z >0 a j- 


5.2 Branching rule for Case (a). We know from IK MX I that 


B l,s = Bi 0 (swi) as f/ 9 (g/ 0 )-crystals 


(5.2.1) 


for i G /q and s G r L->\. Here we recall the (well-known) fact that the integrablc highest 
weight C g ( 0 / o )-module V7 0 (A) of Jo-dominant highest weight A G P c \ has the same character 
as the integrable highest weight g^-module of the same highest weight, and this character 
is equal to (\) eWtb ■ By using this fact, we deduce from Decomposition Rule on 

page 145 of [Lj that if 1 < i < n — 1, then as P 9 ( 0 / o )-crystals, 


B l ’ s = B i,s 0 BP®' 8 = B Io (swi) 0 B Io {sw^) by (JEZH 

Bi 0 (sqZUo + S\Wi + • • • + SiZJi) 


SO+SlH —S 

So, si, ..., Si£Z >o 


= (J) B Io (siWi^ -b SiWi) 

siH-b Si<s 

si,SiEZ>o 


for s G Z>i. If i = n, then B n,s = B n,s = Bi 0 (sw n ) as U g ( 0 / o )-crystals for s G Z>i. Note 
that for every * G Jo and s G Z>i, the decomposition of B l,s above is multiplicity-free, and 
that the highest weights appearing in the decomposition are all fixed by ui*. Consequently, 
by using Lemma 15.1.21 we obtain the branching rule as follows. 
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Proposition 5.2.1. Fori G Jo and s G Z>i, we have 

Sy o (siWi + • • • + Sj^i) if 1 < i < n — 1, 


B l,s = < 


SlH bS^<S 
Si, SiGZ>o 


(5.2.2) 


V. ^/ 0 ( s ^)i 


if i = n, 


as ) -crystals. 


5.3 Branching rule for Case (b). In exactly the same way as in Case (a), we have 
the following proposition. 

Proposition 5.3.1. For i G Jo and s G Z>i, we have 

,s — i3/ 0 (siWi + • • • + (5.3.1) 

siH-hSj<s 

si, •••, SjGZ>o 

as U q (fly 0 ) -crystals. 

5.4 Branching rule for Case (c). We know from jC] that the KR module wj^(Cs^) 
over U'(g) for i E Iq, s E Z> 1; and ('i*'* £ C(g) x , decomposes under the restriction to 
U q (3i 0 ) as follows: 


wf’Kf) = 

tf) ri 0 {Sp i 1j7p i + Sp t +2^pi+2 + 

Sp i +Sp i _|_2H-b Si=S 

s Pi > s Pi+2, •••, SiGZ>0 

V Io (sWi) 


+ SiWi ) if 1 < i < 7i — 1, 


if i = n, n + 1, 


(5.4.1) 


as £/q(g/ 0 )-modules, where the pi E {0, l} for 1 < i < n — 1 is defined to be 0 (resp., 
1) if i is even (resp., odd), and Vi 0 (X) is the integrable highest weight £/ 9 (fl/ 0 )-module of 
(Jo-dominant) highest weight A G P c \. Accordingly, from (15.4. ID . we obtain the follow¬ 
ing decomposition of the crystal base B l,s of (Cs ? ^), regarded as a £Jg(fl/ 0 )-crystal by 
restriction: 


nsj 

j 13fo ( s p, w Pt + s pi+ 2 ^pi +2 + • • • + SiWi) if 1 < i < n — 1, 

s Pi~^~ s p i - 1-2 H- b Si=S 

< S pi , Sp^+2,SjGZ>o 

K B Io (sWi) if i = n, 7i + 1, 


(5.4.2) 
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for s G Z>i. Consequently, as in Case (a), we deduce from Decomposition Rule on 
page 145 of (Lj that as ^(g^)-crystals, 

B n ’ s = B n ’ s ® B n+1 ’ s 2* B Io (sw n ) ® B Io (sw n+1 ) by (EZD 

0 Bl 0 {s pn Wp n + S p 7 i+ 2 ti 7 p n+ 2 H- V S n w n ) 

Sp n +Sp„+2H-f-Sn=S 

s Pn > Spn+2, •••, Sn£^>0 

for s G Z>!. Also, if 1 < i < n — 1, then we have 

£ vs = B l ’ s = 0 B Io (s Pi w Pi + s Pi+ 2 Wp i+ 2 H-f SiC 7 i) by (15.4.21) 

s Pi~^~ s p i -\- 2~\ -h Si=S 

Spi i Spi+21 •••} •SiGZ>o 

= 0 Bla{ s Pi W Pi + s Pi+ 2^ Pi +2 H-bSjWj). 

Spj +S Pi +2H- 

s Pj 5 s Pi+2? •••? SiGZ>0 

Because in all cases, the decomposition of B 1S above is multiplicity-free, and the high¬ 
est weights appearing in the decomposition are all fixed by a;*, we obtain the following 
proposition by using Lemma 15.1.21 

Proposition 5.4.1. For i G / 0 and s G Z> 1; we have 

B hb = 0 Bj o (s Pi w Pi + s Pi+2 w Pi+ 2 +-f SiWi) (5.4.3) 

Spi ~\~S pi - 1-2H-|-Si=S 

S Pi’ S Pi + •••» 5iGZ>o 

as U q (gj o ) -crystals. 


5.5 Branching rule for Case (d). First, we should remark that our numbering of 
the index set / is different from the ones in IHKOTYl and (Lj. As in Case (c), we obtain 
that as C g (g/ 0 )-crystals, 

B 1,s = 0 £/ 0 (s lWl ), (5.5.1) 


0<si<s 


B 2 ' s = B Iq {sw 2 ) <S> B Io {su 7 3 ) ® B Io (sw a ), 


(5.5.2) 


for s G Z>i. Note that in general, the irreducible decomposition of the tensor product 
Vi 0 (sw 2 ) <S> Vi 0 (su j 3 ) <g> V/ 0 (sg 7 4 ) as a C 5 (g/ 0 )-module is not multiplicity-free, and hence 
that the decomposition (15.1.41) of B 2,s , regarded as a C,j( 0 / o )-crystal by restriction, is not 
multiplicity-free. Hence we exclude this case, i.e., the case where i = 2. Then, by using 
Lemma 15.1.21 as above, we obtain the following proposition. 

Proposition 5.5.1. For s G Z>i, we have 

© A( s i®i) < 5 ' 5 ' 3 ) 

0<si<s 

as U q (gj o )-crystals. 
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5.6 Branching rule for Case (e). First, we should remark that our numbering of 
the index set I is different from the ones in IHKOTyI and jL) . Assume that i 7 ^ 2 (note 
that the decomposition of B 2,s is known not to be multiplicity-free in general; cf. the 
formula for wi ' 31 in the case where X n = Eq on page 278 of |HKOTY| Appendix A]). 
Then, as in Case (c), we obtain from 0 the following decomposition of B 1,s , regarded as 
a f/ g (g/ 0 )-crystal by restriction: 


'B Io (sWi) if i = 4, 6 , 

® S/ 0 (siG7i) ifi = l, 

0<si<s 


B 


<l,S ^ 


® B Iq (s 3 w 3 + s 6 w 6 ) if i = 3, 

«3+S6=S 

«3,S6>0 


® B Iq (s 4 w 4 + S 5 W 5 ) if i = 5, 

S4+S5=« 

, S4,S5>0 


for s G Z> 4 . Consequently, as in Cases (a), (c), we deduce from Decomposition Rule on 
page 145 of (Lj that as f/ g (g/ 0 )-crystals, 


B 1,s — B 1,s = ® B Io {s l w l ), (5.6.1) 

0<si<s 

B u = B 4 ’ s 0 B e ’ s ** B Io (sw 4 ) 0 B Io (sw 6 ) 


- ® B lo (s 1 w 1 + s 4 w 4 ), (5.6.2) 

Si+S4<S 

Si, S4 GZ>q 

for s G Z> 4 . Here we have exclude the case i = 3, since the decomposition of B 3,s = 
B i,s 0 B 5,s , regarded as a £/g(flj 0 )-crystal by restriction, is known not to be multiplicity- 
free in general. Then, by using Lemma 15. 1.21 as above, we obtain the following proposition. 


Proposition 5.6.1. For s G Z> 4 , we have 

B L ' S = Bf o (siWi), B A,S = Bj o {siw 4 -\-s 4 w 4 ), (5.6.3) 

0<Sl<S Si+S4<S 

Si, S4GZ>0 

as U q (gj o )-crystals. 

5.7 Comments. In addition to Assumption 12.3.11 for g, let us assume that Conjec¬ 
ture 11.5.11 with g replaced by g holds for the (fixed) i G /q and s G Z> 4 . Denote the KR 
module over L^(g) having a crystal base by wi^(Cs^), where G C(g) x . Then we make 
the following observations. 
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Observations. By comparing (15.2.211 (resp., (15.3.11) . (15.4.31) ') with the formula for Wi a> 
in the case where g = (resp., A\f, ^n-i) on P a g e 247 (resp., page 247, page 246) of 
HKOTT1 Appendix A] (with “a” replaced by V, “A*” replaced by “w”, and “g” equal 
to “1”), we can check that they indeed agree. Similarly, by comparing (15.5.31) (resp., 
(15.6.31) 1 with the formula for Wi 1 ’ (resp., W.s * } and Ws^) in the case where g = Df' 1 
(resp., Eq 2 ' 1 ) on page 249 (resp., page 248) of IIKQTT Appendix A] (with “A*” replaced 
by “fzh”, and “g” equal to “1”), we can check that they also agree. Here the formula for 
(with q = 1) describes the branching rule for the KR module wi a ^(C^) over U’ q (g) 
with respect to the restriction to U q (gf ). 

Motivated by the observations above, we propose the following conjecture. 

Conjecture 5.7.1. Let us fix ( arbitrarily ) j 6 / 0 and s E Z> 1; and keep Assum,vtion \2. H. li 
Then, the perfect U q (g)-crystal B hS is isomorphic to the ( conjectural) crystal base of the 
KR module wj^(C^) over the twisted quantum affine algebra f/'(g). 
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